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implies
�

M
ϕj(x)

∗fk(x)dµ(x) = 0, fk(x) =

�

M̃
ϕ̃k(y)

∗f(x, y)dµ̃(y) (1.42)

and hence fk(x) = 0 µ-a.e. x. But this implies f(x, y) = 0 for µ-a.e. x and

µ̃-a.e. y and thus f = 0. Hence ϕj ⊗ ϕ̃k is a basis for L2
(M × M̃, dµ × dµ̃)

and equality follows. �

It is straightforward to extend the tensor product to any finite number

of Hilbert spaces. We even note

(

∞�

j=1

Hj)⊗ H =

∞�

j=1

(Hj ⊗ H), (1.43)

where equality has to be understood in the sense that both spaces are uni-

tarily equivalent by virtue of the identification

(

∞�

j=1

ψj)⊗ ψ =

∞�

j=1

ψj ⊗ ψ. (1.44)

Problem 1.11. Show that ψ ⊗ ψ̃ = 0 if and only if ψ = 0 or ψ̃ = 0.

Problem 1.12. We have ψ ⊗ ψ̃ = φ ⊗ φ̃ �= 0 if and only if there is some
α ∈ C\{0} such that ψ = αφ and ψ̃ = α−1φ̃.

Problem 1.13. Show (1.43)

1.5. The C∗ algebra of bounded linear operators

We start by introducing a conjugation for operators on a Hilbert space H.

Let A ∈ L(H). Then the adjoint operator is defined via

�ϕ, A∗ψ� = �Aϕ, ψ� (1.45)

(compare Corollary 1.9).

Example. If H = Cn
and A = (ajk)1≤j,k≤n, then A∗ = (a∗kj)1≤j,k≤n. �

Lemma 1.11. Let A, B ∈ L(H). Then

(i) (A + B)
∗

= A∗ + B∗, (αA)
∗

= α∗A∗,
(ii) A∗∗ = A,
(iii) (AB)

∗
= B∗A∗,

(iv) �A� = �A∗� and �A�2
= �A∗A� = �AA∗�.

Proof. (i) and (ii) are obvious. (iii) follows from �ϕ, (AB)ψ� = �A∗ϕ, Bψ� =

�B∗A∗ϕ, ψ�. (iv) follows from

�A∗� = sup

�ϕ�=�ψ�=1
|�ψ, A∗ϕ�| = sup

�ϕ�=�ψ�=1
|�Aψ,ϕ�| = �A�
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and

�A∗A� = sup
�ϕ�=�ψ�=1

|�ϕ, A∗Aψ�| = sup
�ϕ�=�ψ�=1

|�Aϕ, Aψ�|

= sup
�ϕ�=1

�Aϕ�2 = �A�2,

where we have used �ϕ� = sup�ψ�=1 |�ψ,ϕ�|. �

As a consequence of �A∗� = �A� observe that taking the adjoint is
continuous.

In general, a Banach algebra A together with an involution

(a + b)∗ = a∗ + b∗, (αa)∗ = α∗a∗, a∗∗ = a, (ab)∗ = b∗a∗ (1.46)

satisfying

�a�2 = �a∗a� (1.47)

is called a C∗ algebra. The element a∗ is called the adjoint of a. Note that
�a∗� = �a� follows from (1.47) and �aa∗� ≤ �a��a∗�.

Any subalgebra which is also closed under involution is called a ∗-
subalgebra. An ideal is a subspace I ⊆ A such that a ∈ I, b ∈ A imply
ab ∈ I and ba ∈ I. If it is closed under the adjoint map, it is called a ∗-ideal.
Note that if there is an identity e, we have e∗ = e and hence (a−1)∗ = (a∗)−1

(show this).
Example. The continuous functions C(I) together with complex conjuga-
tion form a commutative C∗ algebra. �

An element a ∈ A is called normal if aa∗ = a∗a, self-adjoint if a = a∗,
unitary if aa∗ = a∗a = I, an (orthogonal) projection if a = a∗ = a2, and
positive if a = bb∗ for some b ∈ A. Clearly both self-adjoint and unitary
elements are normal.

Problem 1.14. Let A ∈ L(H). Show that A is normal if and only if

�Aψ� = �A∗ψ�, ∀ψ ∈ H.

(Hint: Problem 0.14.)

Problem 1.15. Show that U : H → H is unitary if and only if U−1 = U∗
.

Problem 1.16. Compute the adjoint of

S : �2(N) → �2(N), (a1, a2, a3, . . . ) �→ (0, a1, a2, . . . ).
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Problem 0.28. Find a sequence fn which converges to 0 in Lp
([0, 1], dx) but

for which fn(x) → 0 for a.e. x ∈ [0, 1] does not hold. (Hint: Every n ∈ N can

be uniquely written as n = 2
m

+k with 0 ≤ m and 0 ≤ k < 2
m

. Now consider

the characteristic functions of the intervals Im,k = [k2
−m, (k + 1)2

−m
].)

Problem 0.29. Prove Lemma 0.35. (Hint: To show that fk is smooth, use

Problems A.7 and A.8.)

Problem 0.30. Construct a function f ∈ Lp
(0, 1) which has a singularity at

every rational number in [0, 1]. (Hint: Start with the function f0(x) = |x|−α

which has a single pole at 0. Then fj(x) = f0(x− xj) has a pole at xj.)

0.7. Appendix: The uniform boundedness principle

Recall that the interior of a set is the largest open subset (that is, the union

of all open subsets). A set is called nowhere dense if its closure has empty

interior. The key to several important theorems about Banach spaces is the

observation that a Banach space cannot be the countable union of nowhere

dense sets.

Theorem 0.38 (Baire category theorem). Let X be a complete metric space.

Then X cannot be the countable union of nowhere dense sets.

Proof. Suppose X =
�∞

n=1 Xn. We can assume that the sets Xn are closed

and none of them contains a ball; that is, X\Xn is open and nonempty for

every n. We will construct a Cauchy sequence xn which stays away from all

Xn.

Since X\X1 is open and nonempty, there is a closed ball Br1(x1) ⊆
X\X1. Reducing r1 a little, we can even assume Br1(x1) ⊆ X\X1. More-

over, since X2 cannot contain Br1(x1), there is some x2 ∈ Br1(x1) that is

not in X2. Since Br1(x1)∩ (X\X2) is open, there is a closed ball Br2(x2) ⊆
Br1(x1) ∩ (X\X2). Proceeding by induction, we obtain a sequence of balls

such that

Brn(xn) ⊆ Brn−1(xn−1) ∩ (X\Xn).

Now observe that in every step we can choose rn as small as we please; hence

without loss of generality rn → 0. Since by construction xn ∈ BrN (xN ) for

n ≥ N , we conclude that xn is Cauchy and converges to some point x ∈ X.

But x ∈ Brn(xn) ⊆ X\Xn for every n, contradicting our assumption that

the Xn cover X. �

(Sets which can be written as the countable union of nowhere dense sets

are said to be of first category. All other sets are second category. Hence

we have the name category theorem.)
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In other words, if Xn ⊆ X is a sequence of closed subsets which cover
X, at least one Xn contains a ball of radius ε > 0.

Now we come to the first important consequence, the uniform bound-
edness principle.

Theorem 0.39 (Banach–Steinhaus). Let X be a Banach space and Y some
normed linear space. Let {Aα} ⊆ L(X,Y ) be a family of bounded operators.
Suppose �Aαx� ≤ C(x) is bounded for fixed x ∈ X. Then �Aα� ≤ C is
uniformly bounded.

Proof. Let

Xn = {x| �Aαx� ≤ n for all α} =
�

α

{x| �Aαx� ≤ n}.

Then
�

n Xn = X by assumption. Moreover, by continuity of Aα and the
norm, each Xn is an intersection of closed sets and hence closed. By Baire’s
theorem at least one contains a ball of positive radius: Bε(x0) ⊂ Xn. Now
observe

�Aαy� ≤ �Aα(y + x0)�+ �Aαx0� ≤ n + �Aαx0�
for �y� < ε. Setting y = ε x

�x� , we obtain

�Aαx� ≤ n + C(x0)
ε

�x�

for any x. �
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1.6. Weak and strong convergence

Sometimes a weaker notion of convergence is useful: We say that ψn con-
verges weakly to ψ and write

w-lim
n→∞

ψn = ψ or ψn � ψ (1.48)

if �ϕ, ψn� → �ϕ, ψ� for every ϕ ∈ H (show that a weak limit is unique).
Example. Let ϕn be an (infinite) orthonormal set. Then �ψ,ϕn� → 0 for
every ψ since these are just the expansion coefficients of ψ. (ϕn does not
converge to 0, since �ϕn� = 1.) �

Clearly ψn → ψ implies ψn � ψ and hence this notion of convergence is
indeed weaker. Moreover, the weak limit is unique, since �ϕ, ψn� → �ϕ, ψ�
and �ϕ, ψn� → �ϕ, ψ̃� imply �ϕ, (ψ − ψ̃)� = 0. A sequence ψn is called a
weak Cauchy sequence if �ϕ, ψn� is Cauchy for every ϕ ∈ H.

Lemma 1.12. Let H be a Hilbert space.

(i) ψn � ψ implies �ψ� ≤ lim inf �ψn�.
(ii) Every weak Cauchy sequence ψn is bounded: �ψn� ≤ C.

(iii) Every weak Cauchy sequence converges weakly.

(iv) For a weakly convergent sequence ψn � ψ we have ψn → ψ if and

only if lim sup �ψn� ≤ �ψ�.

Proof. (i) Observe

�ψ�2 = �ψ,ψ� = lim inf�ψ,ψn� ≤ �ψ� lim inf �ψn�.

(ii) For every ϕ we have that |�ϕ, ψn�| ≤ C(ϕ) is bounded. Hence by the
uniform boundedness principle we have �ψn� = ��ψn, .�� ≤ C.
(iii) Let ϕm be an orthonormal basis and define cm = limn→∞�ϕm, ψn�.
Then ψ =

�
m cmϕm is the desired limit.

(iv) By (i) we have lim �ψn� = �ψ� and hence

�ψ − ψn�2 = �ψ�2 − 2 Re(�ψ,ψn�) + �ψn�2 → 0.

The converse is straightforward. �

Clearly an orthonormal basis does not have a norm convergent subse-
quence. Hence the unit ball in an infinite dimensional Hilbert space is never
compact. However, we can at least extract weakly convergent subsequences:

Lemma 1.13. Let H be a Hilbert space. Every bounded sequence ψn has a

weakly convergent subsequence.
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Proof. Let ϕk be an orthonormal basis. Then by the usual diagonal se-

quence argument we can find a subsequence ψnm such that �ϕk, ψnm� con-

verges for all k. Since ψn is bounded, �ϕ, ψnm� converges for every ϕ ∈ H

and hence ψnm is a weak Cauchy sequence. �

Finally, let me remark that similar concepts can be introduced for oper-

ators. This is of particular importance for the case of unbounded operators,

where convergence in the operator norm makes no sense at all.

A sequence of operators An is said to converge strongly to A,

s-lim
n→∞

An = A :⇔ Anψ → Aψ ∀x ∈ D(A) ⊆ D(An). (1.49)

It is said to converge weakly to A,

w-lim
n→∞

An = A :⇔ Anψ � Aψ ∀ψ ∈ D(A) ⊆ D(An). (1.50)

Clearly norm convergence implies strong convergence and strong conver-

gence implies weak convergence.

Example. Consider the operator Sn ∈ L(�2
(N)) which shifts a sequence n

places to the left, that is,

Sn (x1, x2, . . . ) = (xn+1, xn+2, . . . ), (1.51)

and the operator S∗n ∈ L(�2
(N)) which shifts a sequence n places to the right

and fills up the first n places with zeros, that is,

S∗n (x1, x2, . . . ) = (0, . . . , 0� �� �
n places

, x1, x2, . . . ). (1.52)

Then Sn converges to zero strongly but not in norm (since �Sn� = 1) and

S∗n converges weakly to zero (since �ϕ, S∗nψ� = �Snϕ, ψ�) but not strongly

(since �S∗nψ� = �ψ�) . �

Note that this example also shows that taking adjoints is not continuous

with respect to strong convergence! If An
s→ A, we only have

�ϕ, A∗nψ� = �Anϕ, ψ� → �Aϕ, ψ� = �ϕ, A∗ψ� (1.53)

and hence A∗n � A∗ in general. However, if An and A are normal, we have

�(An −A)
∗ψ� = �(An −A)ψ� (1.54)

and hence A∗n
s→ A∗ in this case. Thus at least for normal operators taking

adjoints is continuous with respect to strong convergence.

Lemma 1.14. Suppose An is a sequence of bounded operators.

(i) s-limn→∞An = A implies �A� ≤ lim infn→∞ �An�.
(ii) Every strong Cauchy sequence An is bounded: �An� ≤ C.
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(iii) If Anψ → Aψ for ψ in some dense set and �An� ≤ C, then

s-limn→∞An = A.

The same result holds if strong convergence is replaced by weak convergence.

Proof. (i) follows from

�Aψ� = lim
n→∞

�Anψ� ≤ lim inf
n→∞

�An�

for every ψ with �ψ� = 1.

(ii) follows as in Lemma 1.12 (i).

(iii) Just use

�Anψ −Aψ� ≤ �Anψ −Anϕ�+ �Anϕ−Aϕ�+ �Aϕ−Aψ�
≤ 2C�ψ − ϕ�+ �Anϕ−Aϕ�

and choose ϕ in the dense subspace such that �ψ − ϕ� ≤ ε
4C and n large

such that �Anϕ−Aϕ� ≤ ε
2 .

The case of weak convergence is left as an exercise. (Hint: (2.14).) �
Problem 1.17. Suppose ψn → ψ and ϕn � ϕ. Then �ψn, ϕn� → �ψ,ϕ�.

Problem 1.18. Let {ϕj}∞j=1 be some orthonormal basis. Show that ψn � ψ
if and only if ψn is bounded and �ϕj , ψn� → �ϕj , ψ� for every j. Show that

this is wrong without the boundedness assumption.

Problem 1.19. A subspace M ⊆ H is closed if and only if every weak

Cauchy sequence in M has a limit in M . (Hint: M = M⊥⊥
.)

1.7. Appendix: The Stone–Weierstraß theorem

In case of a self-adjoint operator, the spectral theorem will show that the

closed ∗-subalgebra generated by this operator is isomorphic to the C∗ al-

gebra of continuous functions C(K) over some compact set. Hence it is

important to be able to identify dense sets:

Theorem 1.15 (Stone–Weierstraß, real version). Suppose K is a compact

set and let C(K, R) be the Banach algebra of continuous functions (with the

sup norm).

If F ⊂ C(K, R) contains the identity 1 and separates points (i.e., for

every x1 �= x2 there is some function f ∈ F such that f(x1) �= f(x2)), then

the algebra generated by F is dense.

Proof. Denote by A the algebra generated by F . Note that if f ∈ A, we

have |f | ∈ A: By the Weierstraß approximation theorem (Theorem 0.15)

there is a polynomial pn(t) such that
��|t| − pn(t)

�� < 1
n for t ∈ f(K) and

hence pn(f) → |f |.


