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Abstract
A model of non-local dilaton interactions, motivated by string duality symmetries, is applied to
a scenario of “coupled quintessence” in which the dilaton dark energy is non-locally coupled to the
dark-matter sources. It is shown that the non-local effects tend to generate a backreaction which
— for strong enough coupling — can automatically compensate the acceleration due to the negative
pressure of the dilaton potential, thus asymptotically restoring the standard (dust-dominated)

decelerated regime. This result is illustrated by analytical computations and numerical examples.
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I. INTRODUCTION

It is well known that the “cosmological” duality symmetries of the low-energy string
effective action — for instance, scale-factor duality [1, 2] — require non-linear transformations
mixing the metric and the dilaton field ¢: as a consequence, those symmetries are generally
lost in the presence of a non-trivial dilaton potential V' = V() and/or non-trivial couplings
of the dilaton to the matter sources. It is also known, however, that the duality properties
of the string-cosmology equations are preserved in the presence of the potential provided V'
depends on ¢ through an appropriate “shifted” variable ¢, defined by ¢ = ¢ —In \/—g, where
g is the determinant of the metric tensor. In that case the equations are duality-invariant
even in the generalized case of global O(d, d) transformations, both without [3, 4] and with
[5] matter sources.

The above variable ¢ is not a scalar under general coordinate transformations, and cannot
be directly inserted into the potential in order to construct a generally covariant action. It
has been shown, however, that a covariant formulation of the potential, of the action, and
of the equations of motion can be made compatible with the duality properties of (d + 1)-

dimensional, homogeneous, string-frame backgrounds if V' depends on the dilaton through

the following non-local scalar function of ¢ [6, 7]:

dd+1

£(w) = Elp(@)] = —1n/ oV =9() e\ 0,0 (m)0 ()] () — p(w)] . (11)

The string-length factor, \¢, is introduced here to make ¢ dimensionless. The variable
¢, unlike ¢, transforms as a scalar under general coordinate transformations, and exactly
reduces to ¢ in the case of homogeneous and spatially flat metric backgrounds with spatial
sections of finite comoving volume ([d? = V; = const < oo). It has been shown, in
particular, that an effective potential V' = V'(£) can be induced by dilatonic loop corrections
in (higher-dimensional) manifolds with compact spatial sections [7]. The same non-local
variable £ preserves the duality symmetry of the cosmological equations even if the dilaton
is directly and non-minimally coupled to the matter sources, as recently pointed out in [8].

In this paper we will assume that the dilaton is non-locally coupled to the gravitational
sources appearing in the matter Lagrangian (or, at least, to a significant fraction of these
sources), and that such a non-local interaction can be parametrized by the same variable

& used to construct a generally covariant and duality-invariant potential. We will use this



approach — motivated by the fundamental string theory symmetries — to study the possible
effects of non-locality in a simple model of “coupled quintessence” based on the interaction
of the dilaton with the cosmic dark-matter fluid [9]. The resulting effective model of “non-
local dark energy” is — to the best of our knowledge — qualitatively different from all models
of coupled dark energy proposed so far in the literature [10-14], and suggests new (and
potentially interesting) scenarios for the discussion of the “coincidence problem” [15] and
the future evolution of the currently accelerated cosmic regime.

The paper is organized as follows. In Sect. IT we derive the full set of integro-differential,
general-covariant equations of motion, in the Einstein frame, for a canonically normalized
scalar field non-minimally and non-locally coupled to the matter sources through the duality-
motivated variable £ of Eq. (1.1). The homogeneous limit of such equations, with perfect
fluid sources, is applied in Sect. III to a model of coupled dark energy based on the dilaton,
and characterized by an asymptotic regime with frozen ratio of the dark-energy to the dark-
matter density [9, 16]. It is shown, in particular, that because of non-local effects the dark-
matter fluid may develop an effective pressure which tends to compensate, asymptotically,
the accelerating action of the dilaton potential, eventually driving the Universe back to the
standard (dust-dominated) decelerated regime. This effect is also graphically illustrated in
Sect. IV using a simple numerical example. The main differences between uncoupled, locally
coupled, and non-locally coupled models of dark energy are briefly summarized in Sect. V.

Finally, our conventions will be as follows: diag g, = (+,— —, — ), Rua® =

0L 0a® + T, Tha? — (e v), and Ry = Rya ™.

II. NON-LOCAL MATTER-DILATON INTERACTIONS

Since in this paper we are not concerned with the duality properties of the string effective
action, we will phenomenologically introduce the non-local coupling working directly in the
Einstein frame. Also, we will use here a very simple model of matter-dilaton interactions
in which the non-local terms only appear in the matter Lagrangian £,,: no additional
contribution due to non-locality is present, neither in the potential nor in the possible
dilaton-loop corrections to the kinetic part of the action (see [8] for the discussion of more
general coupling schemes).

We shall thus consider the (Einstein-frame) action for a canonically normalized scalar field



¢ (conventionally called “dilaton”), minimally coupled to gravity and non-locally interacting

with the matter sources as follows,

S:/dd+l\/__g|i )\1:51

where £ is a scalar, dimensionless, non-local function of ¢ defined by:

e—ﬁ(w) — Agd/dd"'ly (\/__96—45/# E(v¢)2)y5(¢m - ¢y) (22>

+ vmvw V(¢)} + / de /=g L(e7%), (2.1)

Here A\p = (87G)Y@=1 is the Planck length, and p is a dimensional factor with the same
canonical dimensions as the scalar field ¢. If, in particular, u = [(d — 1)AE™']7"/2, then the
dimensionless ratio ¢/u exactly corresponds to the string-theory dilaton ¢, rescaled from
the string to the Einstein frame (see e.g. [7]). In this paper we will adopt however a phe-
nomenological approach, leaving open the value of p as a free, model-dependent parameter,
and discussing how the final results may depend on the specific value assigned to u. Note

that in Eq.(2.2) we have also explicitly inserted the factor

e = sign{(V¢)*}, (Vo) = V,.oV"o, (2.3)

which is required in order to include into our formalism both time-like, (V@)% > 0, and
space-like, (V¢)? < 0, dilaton gradients. Finally, we are using the convenient notation in
which an index appended to round brackets, (...),, means that all quantities inside the
brackets are functions of the appended variable (similarly, ¢, = ¢(z)).

The general-covariant equations of motion for this non-local model of scalar-tensor gravity
can now be deduced by computing the functional derivatives of the action with respect to

9w and ¢. For the metric we obtain, separating local and non-local contributions,

oS 1
5g“”(:5) =v—g 2)\d 1Guv + 9

1 1
ST + 5 ( nOVu — g,WVcbz) + QQWV} + My ().
(2.4)
Here G, is the Einstein tensor, 7}, represents the (local) stress-tensor contribution of the

matter action, defined as usual by

%\/__gT;,LV — 6(\/__9‘6771)’ (25)

ogrv
and M, represents a new, non-local contribution due to the explicit presence of the metric

in the definition of £, according to Eq. (2.2). In particular,
)
- d+1 — ! —£(y)
M, (z) = /d y (v [,m)y 5gl“’(x)e , (2.6)
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where L/ is the derivative of the matter Lagrangian with respect to its argument exp(—¢),

y o 0L 0L
‘Cm = 8(6_6) = —¢€ 85 ) (27)
and (from Eq. (2.2))
J 1
s = ! (/g AVOE) 8(6y 6., (23)
where
Lugbvygb. (2.9)

e =0 T g
Inserting these results into Eq. (2.6), summing up all terms of Eq. (2.4), multiplying by
2)\%_1 /+/—g, and imposing the condition of stationary action, §5/d¢g"” = 0, we are led to

the generalized (integro-differential) gravitational equations:

GuuzA%‘l[ w + VoV, 0 — gWch) + 9V = Ve (VO |, (2.10)

where
I, = A;d/dd“y (V=9£L.),0(8y — 62)- (2.11)

Similarly, the functional derivative of the action (2.1) with respect to the dilaton ¢ con-

tains both local and non-local contributions,

53 v,
o) —V=9 <% +V ¢>)w + B(x), (2.12)

where V?¢ = V,V*¢, and where the non-local contribution B(z) is due to the explicit

dependence of the variable £ on the dilaton:

J
B(x) = [ d*y (V=gL,,) ——e W, 2.13
@ = [ @™y (v=aLs), se (2.13)
A direct computation of B(z) (see Appendix A), inserted into the condition 65/d¢p = 0,

finally leads to the generalized (integro-differential) scalar-field equation of motion,

vier Vo eer, 1L ( e WJ) 0 (2.14)
+ e Y VIV S L+ L, [ — e , :
00 \[fe(Vo) " u

where
J(x) = A5 /dd+1 (FW) (2.15)

and where ¢’ denotes the derivative of the delta function with respect to its argument.



For the cosmological applications of this paper we need to specify the generally covari-
ant, non-local set of coupled equations (2.10), (2.14) to the simple case of a homogeneous,
isotropic, spatially flat, d = 3 background, sourced by a perfect-fluid stress tensor. In the

cosmic time gauge:

uv = dlag(l, _a25ij)a a = a(t)> ¢ = ¢(t),
T, = diag(p, —pd}), p=p(t), p=p@d). (2.16)

In this simple case € = 1, 790 = 0, 7/ = ¢/, and we find, as a first result, that the (00)

component of Eq. (2.10) reduces to the standard Friedman equation,

6H? =2)\3 <p + g + V) : (2.17)

Concerning the spatial components we note, first of all, that in the homogeneous limit

the non-local variable (2.2) reduces to
et = Qdle =, (2.18)

where 23 = A\p® [ d® is the constant volume factor (in Planck units) of the compact spatial

sections of the manifold (2.16). The non-local term of Eq. (2.10) becomes, in the same limit,

e\ Je(NP)2 I, — e oL = _OEm (2.19)
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Thus, from the (i) components of Eq. (2.10) we obtain the spatial equation
AH 4+ 6H?> =202 |—p— | = -V Ly 2.20
P [ D ( B 8 3 ( )

where the last term on the right-hand side represents the only correction induced by non-
locality with respect to the standard Einstein equation.

We shall now consider the dilaton equation (2.14). In the homogeneous background (2.16)
there is a big simplification, due to the fact that

—9/u
e, — - oH Okm
e(V)? ¢ 09
—L e7?m] 35 aéb . (2.21)



These two non-local terms thus exactly cancel each other in the homogeneous limit of Eq.

(2.14), and we are left with the dilaton equation

; .9V 10cC
+3H¢+ — — =22 =, 2.22
¢ ¢ 9% 1 o (2:22)

where the last term represents the correction induced by the explicit dependence of L,, on

0.
In view of our subsequent discussion it is finally convenient to rewrite the full set of
cosmological equation using an effective fluido-dynamical representation of the scalar field
source. Let us introduce, to this purpose, the effective energy density and pressure pg, py,

and the effective “scalar charge” density of the matter sources, o, defined by
¢2

P¢=§+V> Do

_@_ o OLn

5 V. 7= " (2.23)

Our cosmological equations (2.17), (2.20), (2.22) can then be rewritten respectively as:

61 = 232 (p + po), (224)
AH 1 6H? = —2)% (p +py+ %) , (2.25)
. g .

P+ 3H (py + py) = —@@ (2.26)

and their combination gives the covariant conservation equation of the matter energy density:

. g ag -
p+3H <p+p+ §) = 5.6 (2.27)

It should be stressed, before concluding this section, that the genuinely new effect of the
non-local interactions is the appearance of the contribution proportional to ¢ on the right-
hand side of the spatial equation (2.25): this contribution acts as an “additional” pressure of
the matter fluid, being equivalent to the term one could obtain from the standard Einstein
equations through the shift

b — p—l—% (2.28)

(see also Eq. (2.27)). It is true that the ¢-dependence of the matter Lagrangian also
induces further corrections to the Einstein equations, in particular introduces the direct
(non-minimal) coupling between the dilaton and the matter sources represented by the
terms +0¢/2u in Eqs. (2.26), (2.27). However, a similar type of coupling (triggered by the

modification of the dilaton equation of motion (2.22)) would also be obtained in the more
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conventional framework in which the dilaton is locally coupled to matter, i.e. L., = L,,(¢):
hence, those terms do not represent an important qualitative difference from previous models
of coupled quintessence (see e.g. [10-12]). The effective pressure (2.28), on the contrary,
can only be obtained if the matter-dilaton interaction is directly affected by the global
background geometry as in the case of the non-local coupling defined by Eq. (2.2). A
possible phenomenological effect of such a non-locally induced pressure will be discussed in

the following section.

III. ASYMPTOTIC FREEZING AND PRESSURE BACKREACTION

The generalized cosmological equations derived in the previous section will now be ap-
plied to a model of dark energy formulated in a string cosmology context [9], based on the
dilaton and on the principle of asymptotic saturation of the loop corrections in the large
“bare coupling” limit ¢ — +oo [17]. In such a context the post-inflationary Universe natu-
rally evolves towards a “late-time” regime where the dark-energy field ¢ keeps rolling down
along an exponentially suppressed potential, and may become permanently coupled to (a
significant fraction of) the dark-matter sources.

Such a late-time scenario can be appropriately described by the generalized equations
(2.24)—(2.27) by identifying the fluid source with the fraction of coupled dark-matter com-
ponent (i.e. by setting p = pp, p = pm = 0), and assuming for V' and o the following

asymptotic parametrization:
Vete o =gpm (31)

The constant values of gy, Vj are typical parameters of the asymptotic saturation regime,
and are in principle calculable at the fundamental string-theory/M-theory level [9, 17] (in
particular, the dimensionless ratio ¢y = o/p,, represents the effective dilaton charge per unit
of gravitational mass of the dark matter particles, see e.g. [18]). For the discussion of this
asymptotic regime it will be convenient to separate the kinetic and potential part of the

dilaton energy density, by setting

Py = Pr T pv, Pk = 5 pv =V. (3.2)



Introducing critical units,

AB Ok Abpyv ABp
Q — P Q — P Qm — PMmMm
EY PN Y E 3H?’

(3.3)

and using Eq. (3.1) we can then rewrite the cosmological equations (2.24)—(2.27) respectively

as
L= Q + Q%+ O, (3.4)
1+;—; = Qy —Qy — %Qm (3.5)
po+ 6Hp, = —g’—;pmé, (3.6)
fm -+ 3H pm (1 + %) - g—zpmé. (3.7)

In the case of local dilaton coupling — i.e. in the absence of the “induced pressure” o /2
generating the last term on the right-hand side of Eq. (3.5) and the last term on the left-
hand side of Eq. (3.7) — it is well known that the above set of asymptotic equations can
be satisfied by a “freezing” configuration in which p,,, pi, pv, H? scale in time in the same
way, so that the ratio p,,/ps turns out to be fixed [9-12]. In that limit the critical fractions
Qun, Q, Qy are also separately fixed at constant values (determined by p and ¢y only), and

a simple analysis gives

Qloc — 6)\1231“2 Qloc — 6)\%’#2 + q0(2 + q0)
249 v (24 q0)*
ok — 1— i 33)

(the superscript “loc” is to remind that we are solving a model of locally-coupled dark
energy). According to this solution the Universe thus becomes dominated by a mixture of
dark-matter and dilaton (kinetic plus potential) energy density. The rate of expansion of

this asymptotic regime is controlled by the kinematic parameter

i a 13 0 — 1
- =1 _ e < Qloc . Qloc _ .
(CLH2)IOC * <H2)1 2+2 ( v k ) q0_|_2’ (3 9)

and the corresponding effective equation of state (defined as weg = —1 — 2H /3H?) is given

by wer = —qo/(2 4+ qo). The evolution is therefore accelerated for ¢y > 1 (the possibility
go < —2 is to be excluded, see e.g. [8]).
It can be shown, in particular, that for strong enough coupling (i.e. small enough values

of p) the above configuration represents a stable attractor of the cosmological dynamics
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[10]. Hence, for appropriate values of u and of the scalar charge qo, the dilaton can play
the role of the dark energy field forcing the Universe to an asymptotic regime of cosmic
accelerated evolution and frozen dark-matter over dark-energy density ratio [9, 16]. If, on
the contrary, the coupling is small (namely, the value of y is large enough) then the Universe
is attracted towards a “more standard” dark-energy dominated, uncoupled regime where €2,,
can be neglected [10, 11], and the cosmic expansion is fully driven by ps, with an effective
equation of state weg = —1 + (3A\3p2)~L. This different type of asymptotic configuration is
thus accelerated for \p|u| > 1/v/2.

In order to discuss the effects of the non-local coupling we will now concentrate on
the asymptotic freezing configuration described by the system (3.4)—(3.7) with all terms
(including €2, and the induced pressure o/2) taken into account. Let us look for freezing
solutions by requiring for p,,, px, p, the same scaling behavior and thus imposing, as a first

condition, that

Pm _ P2 (3.10)
Pm Pe
Using Egs. (3.4), (3.6), (3.7) we obtain:
CZ.S . 6 qo do
s [QV (1+5> N (1—5)] (3.11)

We also impose, as a second condition, that
Om _ PV (3.12)
Pm PV

Using Egs. (3.1), (3.2), (3.7) we obtain:

o

— 3. 3.13
7 = 3K (3.13)

The combination of Eqs. (3.11), (3.13), and the use of the definition Q) = A3¢?/6H?, finally

gives the result

3 2q0 + 3(2 — qo) N3 pu?
0, == 2,2 O, = P
k 2)‘P,u ) 1% 2(2+q0)
Qo =1—Q — Q. (3.14)

Thus, even in case of non-local coupling our equations admit solutions describing a freezing
configuration, dominated by a mixture of dark-matter, dilaton-kinetic, and dilaton-potential

energy density, and characterized by p,,/p, = const (just as in the case of local coupling).
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There is, however, a surprising result if we compute the acceleration parameter of this
asymptotic regime. Using Eq. (3.5), and the results (3.14) for the critical fractions of energy

density, we obtain

i H 1 3 % 1
4= —(Q o) ——nm)z——, 1
aH? e 5 T v kT g 2 (3.15)

i.e. a constant negative result quite independent of the values of ¢y and p ! (compare with

Eq. (3.9)). The integration of the above equation for H gives, in particular,
an~ 3, H? ~ pp ~ pg ~a>. (3.16)

This asymptotic freeezing phase has thus the same decelerated behavior as the standard
cosmological phase describing dust-matter dominated evolution.

This result can be understood by noting that Eqs. (3.15) and (3.5) imply

>\2
—weg =y — 2 — Lo P

L :_ﬁﬁ(%+f)za (3.17)

2

namely a zero total pressure for the dilaton-dark matter system. This means, in other words,
that the effective dark-matter pressure /2 (induced by the non-local coupling) generates
asymptotically a backreaction which exactly compensates — at least in this context — the dila-
ton pressure py, leading the system to restore the standard dust-matter configuration. This
effect will be further illustrated in the next section through a simple numerical integration
of the coupled cosmological equations.

It should be noted, finally, that the above asymptotic configuration must satisfy various
conditions in order to be realistic (for instance, 0 < 2 <1, 0 < Qy < 1), and to represent
a stable attractor of the cosmological dynamics. In our case, it can be shown [19] that all
those conditions imply Ap|p| < 1/v/3. With larger values of y (i.e. smaller values of the
dilaton-dark matter coupling) the Universe is attracted towards the same final configuration
one would obtain in the case of local coupling: the effective equation of state becomes w.g =
1+ (3)\2u)~" and, as before, this final regime may be accelerated provided Ap|u| > 1/v/2.
In that case, indeed, the dark-matter contribution to the cosmological dynamics becomes

sub-leading, so that also the backreaction of the non-local pressure becomes ineffective.
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IV. A NUMERICAL EXAMPLE

For an explicit illustration of the smooth background evolution towards the final freezing
regimes (3.8) and (3.14) we will adopt here the same model of time-dependent dilaton charge
already used in previous papers [9, 16], parametrized by

eq0¢

o = q(¢) pm, q(¢) = %m- (4.1)

This form of ¢ is motivated by the principle of asymptotic saturation of the dilaton loop
corrections (note that ¢ — gy for ¢ — o0), which provides for the dimensionless parameter
c? a typical value of order 102 — i.e. of the order of the number of gauge bosons contained
into the fundamental GUT group [17]. In addition, we will complete our model by adding
to the cosmic fluid the required fraction of dust baryonic matter p,, p, = 0, uncoupled
to the dilaton, and thus satisfying the standard energy conservation equation. By setting

P = pm + P, p =0, our basic set of equations (2.24)—(2.27) thus reduces to

6H? = 2% (pm + oo + o) (4.2)

AH + 61 = ~23% (ps + %pm> , (4.3)

. q y

Pg + 3H (pgs + py) = —@m, (4.4)

P+ 3H pm (1 + g) = Lpnd, (4.5)
2 20

pp+3Hp, =0, (4.6)

where g = q(¢) is given by Eq. (4.1), and the dilaton potential is given by Eq. (3.1). We
will assume, for a realistic scenario, that the critical fraction of baryon energy density is
small, and thus represents a negligible perturbation of the asymptotic configuration (3.14).

The above system of coupled differential equations has been numerically integrated with
appropriate initial conditions, using Planck units 2A\3 = 1, and using the values ¢y = 2,
c? = 150, u = 0.55, V; = 3 x 1075. Note that the chosen value of . satisfies the stability
condition of the freezing regime (see the discussion at the end of Sect. III). The results
of the numerical integration are illustrated in Fig. 1, where we have reported the scaling
evolution €2 = )(a) of various cosmic components, and the total effective equation of state,
for both the local and the non-local model.

In the top panel of Fig. 1 the thin solid curve represents the critical fraction of baryon

energy density Q, = Mip,/3H?, multiplied by ten for a better graphical illustration, in
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FIG. 1: Top panel: late-time scaling evolution of the critical fraction of baryon energy density
multiplied by ten, and of the critical fraction of dilaton dark-energy, for the case of local dilaton
coupling (dashed curves) and non-local coupling (solid curves). The plots are obtained through a
numerical integration of the set of equations (4.2)—(4.6) with ¢ = q(¢) given by Eq. (4.1) and the
dilaton potential given by Eq. (3.1). Bottom panel: evolution of the total effective equation of
state (4.7) for the case of local coupling (dashed curve) and non-local coupling (solid curve). The

horizontal dotted line corresponds to weg = —1/3, and marks the border of the accelerated regime.

the case of non-local dilaton coupling. The bold solid curve represents the evolution of
Qy = Q, + Qy for the case of non-local coupling (i.e. including the induced pressure gp,, /2
in the cosmological equations). Finally, the dashed curves represent the same quantities
for the case of local coupling (i.e. neglecting the induced pressure). Note that baryons are

uncoupled to the dilaton, and thus obey the standard scaling behavior p, ~ a=3; however,

13



the behavior of €2, is different in the cases of local and non-local coupling because of the
different evolution of H2. Note also that the beginning of the asymptotic freezing regime is
triggered by the rise of ¢(¢) (not shown in the picture) and of the dilaton potential energy,
which starts to become dominant at some epoch determined by the potential amplitude V4.

We recall that, as discussed in Sect. III, the local dilaton-dark matter coupling leads the
Universe to an asymptotic regime where the ratio p,,/py is frozen and, for appropriate values
of qo (see Eq. (3.9)), the kinematics describes a phase of eternal accelerated expansion. If we
include non-local effects (according to the model considered in this paper) the freezing regime
is still asymptotically established; however, the associated kinematics is exactly the same as
that of the dust-dominated, decelerated regime. A limited period of accelerated expansion
(possibly reproducing the currently observed large-scale evolution) can exist. However, such
acceleration is doomed to disappear with the rise of the non-local pressure, which eventually
compensates the accelerating action of the dilaton potential driving to zero the total effective
cosmic pressure.

For a better illustration of this last point we have also plotted, in the bottom panel of
Fig. 1, the effective equation of state obtained from Egs. (4.2), (4.3),

2H  py+ qpm/2

Weg = —1 — = .
! BH?  po + po+ pg

(4.7)

As before, the dotted curve corresponds to the local coupling (without the term gp,,/2), and
the solid curve corresponds to the non-local coupling (all terms included). In both cases the
cosmological system evolves from the initial condition weg = 0, associated to a dark-matter
dominated state in which the dilaton is still sub-leading.

When the dilaton comes into play the total effective pressure tends to become negative,
leading the Universe towards the accelerated regime where weg < —1/3. In the case of local
coupling the Universe asymptotically reaches an asymptotic freezing regime with weg =
—qo/(2 4+ qo). In the case of non-local coupling, on the contrary, the Universe crosses the
acceleration boundary for a very short period, and then bounces back to an asymptotic state
of dust-dominated evolution, with weg = 0. The duration and the position of the accelerated

phase depends on the parameters of the coupled dark-energy scenario.
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V. CONCLUSION

It seems appropriate to conclude this paper by comparing the possible impact of different
dark-energy scenarios (in particular, the uncoupled, the locally coupled, and the non-locally
coupled scenario) upon the so-called problem of the cosmic coincidence [15].

In models where the dark-energy field is asymptotically uncoupled to dark matter (see
e.g. [20]) the final regime is accelerated, and dominated by the potential energy ps of a
scalar (“quintessence”) field: the dark-matter density p,, is diluted faster than ps, and is
doomed to become subdominant. Thus, the current approximate equality p,, ~ p, turns out
to be a coincidence of the present epoch. The acceleration, however, is not a coincidence,
in the sense that it is typical of an epoch of infinite time extension (once started, it last
forever).

In models where dark energy and dark matter are locally (and strongly enough) coupled
(see e.g. [9-12]) the final asymptotic regime is accelerated, and characterized by a frozen
value of p,,/ps. Thus, the relation p,, ~ p, and the positive value of the acceleration are
both implemented during an epoch of inifinite time extension and, in this sense, they are
not a coincidence of the present epoch.

In models where dark energy and dark matter are non-locally (and strongly enough)
coupled, as in the example of this paper, the final asymptotic regime is characterized by a
frozen value of p,,/ps, but it is decelerated. Thus, the relation p,, ~ pys is not a coincidence
of the present epoch; the acceleration, however, is localized within an epoch of small finite
time extension, so that the cosmic coincidence persists (possibly in relaxed form, as the
accelerated epoch is not a point in phase space). It may be noted that such a situation is
exactly complementary to the one of the uncoupled scenario.

It should be stressed, finally, that the three above scenarios are characterized by a dif-
ferent cosmological dynamics not only during the final asymptotic regime, but also during
the epoch preceding the beginning of the accelerated regime. We may hope, therefore, that
direct/indirect astrophysical observations, providing us with more and more accurate infor-
mation about the past cosmological history, will also tell us which of the above scenarios

can eventually provide a better description of our Universe.
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APPENDIX A

In this Appendix we present an explicit computation of the functional derivative of the

(non-local) matter action with respect to the dilaton, and in particular of the scalar func-

tional B(z) defined by Eq. (2.13). Using the definition (2.2) of £(x) we obtain

) =t [ dd+1y{ — (Ve JAVAR) 860 = 6,00 @ —)

n (\/_—ge—wu /€(V¢)2>y6,(¢x’ —4,) [0 (@ — o) — 8 (2 — )]
o, [\/—_ge‘¢/“68“¢5(

(Vo)

where 0, = 0/0y*, and ¢’ denotes the derivative of the delta function with respect to its

Par — %)] 0 (x — y)}, (A1)

Y

argument. The first term of this integral exactly cancels the term containing 9, [exp(—¢/ )]
in the last part of the integral; also, the third term exactly cancels with the term containing

0,10(¢2r — ¢y)] in the last part of the integral. Thus, we are left with:
e—f(x’) — A};d 5d+1(x—x’)/dd+ly< /_ge—¢/u /€(v¢>2>y5,(¢w’ _(by)

— Ao 9/ , — V—90"¢
A\p (¢ — 02)0, (\/W)x (A.2)

The second term on the right-hand side of the above equation can now be conveniently

30(x)

rewritten as

AR 360 — 60V Vs <¢%> )

= —eAsle /1§ (¢ — ¢x)%mwv"¢, (A.3)

where v, is defined in Eq. (2.9). The first term on the right-hand of Eq. (A.2), containg ¢’,

can be rewritten using the properties of the delta distribution, and exploiting the identities:

do, d 1 d
duyn = —Y - - A4
Yo ¢y ) d¢y be dyO ( )
We obtain:
)\I;d 5d+1(x . x’) /dd+1y (\/_—ge—fb/u /€(V¢)2) 5/(%, _ ¢y) =
Yy
—&(z)
= § (g — ) l_e ¢ +e—¢(x)/uj(x)} ’ (A.5)
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where J is the integral defined in Eq. (2.15). Summing the two terms of Eq. (A.2), inserting
the result into Eq. (2.13) (with 2’ = y), and integrating over y, we obtain:

) = — e i—e_ /u — ¢ e—aﬁ/u\/__g I il
B) == (Vi) (S~ ) —e( S eve L) . (4o

Summing this contribution to the local terms of Eq. (2.12) we are finally led to the gener-

T

alized dilaton equation (2.14).
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