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Summary. A theorem is proved which allows one to construct the
most general known class of sensitive observables, namely of those
observables whose expectation value is measurably different according
to whether the system is described quantum-mechanically with a state
vector of the first type (proper mixture) or with a state vector of the
second type (improper mixture). Our result should be of interest for
the experimental observation of the hypothetical spontaneous reduction
of nonfactorizable state vectors.

1. — Introduction.

Many surprising features of quantum mechanics (QM) are a consequence
of the nonseparability of systems also when the interaction has ceased. This
was firstly remarked by EINSTEIN, PODOLSKY and ROSEN (1), which, in a famous
paper, have emphasized some paradoxical consequences of such nonsepara-
bility: if two quantum systems 1, 2 interact during a time interval 0 < ¢ << 7,
QM describes the whole system X by a wave function ¥(1, 2), but it does not
assign independent wave functions to the individual systems 1 and 2 (see ref. (2),
pp. 422-437). Such a description is valid also for ¢ > T, namely when any type
of connection between 1 and 2 has ceased. This introduces, for the systems

() A. EinstrIN, B. PoporLsKY and N. RosEN: Phys. Rev., 47, 777 (1935).
(®) J. voN NEUMANN: Mathematical Foundations of Quantum Mechanics (Princeton,
N. J., 1955).
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1 and 2, correlations not supported by physical interactions and hence para-
doxical features for the results of measurements on 1 and 2.

Although BouR thought to solve the question on the ground of his analysis
based on « complementarity » (), in the years attempts and analyses followed,
among others, by FURRY (*), BouM and AHARONOV (°), JAUCH (), SELLERI (7),
BARACCA, BERGIA, BIGoNI and CECCHINI (*), PIRON (°), BEDFORD (*°), either to
«explain » this features of the Nature or to change the quantum-mechanical
description of a compound system. A guiding idea for these attempts, recently
reconsidered by DE BROGLIE ('), consists in the hypothesis that, during the
evolution of the system X, after the end of all types of interaction some change
of the wave function takes place. Generally one makes the hypothesis of a
transformation of ¥(1, 2) (nonfactorizable or of IT type, see sect. 2) into a wave
function @(1, 2) = @(1)-p(2) (factorizable or of I type, see sect. 2), so that every
subsystem regains its freedom and lies in a definite state.

Now it is meaningful to consider the experimental problem of a check, by
suitable measurements, either of the presence or of the absence of II-type
state vectors ¥(1,2) also when the interaction has ceased. Proposals in this
sense come out, firstly, from Bell’s work (*2) (that can be considered not only
as a demonstration of a contradiction between local hidden variables and
QM, but also as an indication of a first particular sensitive observable, that
is an observable capable to distinguish between situations described by state
vectors of I or of II type) and afterwards from the articles of Capasso, For-
tunato, Garuccio and Selleri (**%). On this ground we have recorded, mostly
in recent years, numerous experimental works (1**?), but none of them, for
theoretical and experimental reasons (2*2!), can be considered definitive.

(3) N. Bour: Phys. Rev., 48, 696 (1935).
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169 (1974).
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The present paper, therefore, is a contribution to the definition of some tools
for the construction of sensitive observables, so that the experimental research
can test without hesitation the existence of the factorization mechanism for
states of II type.

2. — Sensitive observables.

We recall here, for greater convenience, some well-known concepts (1215):
In QM the states of a system 2, compound by two subsystems1, 2, are described
by elements of a Hilbert space H, given by the tensorial product H, ® H,
of the Hilbert spaces H,, H, which describe the states of the subsystems 1, 2.
We call state vector of I type an element |y)> of H, if it is possible to find two
vectors |u) of H, and |[v) of H, (with (u|u) = (v[v) = 1) such that |y) =
= |uy|v), whereas we call state vectors of IT type the remaining vectors
(namely, the nonfactorizable vectors).

Now let us consider a statistical ensemble S of identical systems X: we
say that § is a I-type mixture if it exists

{Sk}k=1...m’ Sk c8 (k=1...m) : L Sk p— S,
A

such that every §, contains only systems described by a single state vector
of I type |y,>. S, on the contrary, is a II-type mixture if all the systems of
8 are described by a single state vector of II type |z).

These types of mixtures are distinguishable by measurements, but one can
show (%) that not all the observables definable on X can bring out this dif-
ference. Hence we shall say that I' is a sensitive observable for a mixture
of IT type 8 if, for every mixture of I type S’, we have (if (I") is the expecta-
tion value of I' for 8)

(1) <F>s 7~ <F>s"

Therefore, it is obvious that is of great importance from the theoretical and
mostly from the experimental point of view to have some theorems which allow
one to construct suitable sensitive observables on the ground of a given mix-
ture of II type S.

9, 607 (1974).

(*) R. A. Hort and F. M. Prprin: Harvard University, preprint.

(20) J. P. ViciEr: Compt. Rend., 279, 1 (1974).

(3*) A. Baracca, D. Boum, B. J. HiLey and A. E. G. StuarT: Nuovo Cimento, 28 B,
453 (1975).
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3. — Construction of sensitive observables.

The theorem, which we shall prove, can be considered as a generalization
of the well-known (1*) methods for the construction of sensitive observables.
It has, furthermore, the advantage that we can adjust the sensitivity of the
observable in question in such a way that the distinguishability of mixtures
of I and II type be as large as possible.

Theorem. — Let us consider a given II-type vector |¥'), an arbitrary com-
plete orthonormal system {|y,>} of elements of Hy such that lpyy = |¥) and a
sequence of real numbers {l,,} such that Ay>An, V1 £ N (0r Ay < An, V 07 N).
We shall prove that the observable

I'=3 Anltpny <yl

is a sensitive observable for the mixture of II type S, described by [¥>.
Proof: It is easy to show that

(2) <F>S,, = <5U|rlqj> = Ay
But, if |y) is a I-type vector, we can also show that, for the bilinear functional

Iy = 2 Malylya |,

the inequality
3) YINy> < Ax (or > Av),

is always valid for every I-type |y>. Indeed, it is impossible that <y |ly> = Ax
because, if there exists a I-type |y> such that {y|I'ly>— Ay = 0, we should
have also

S (An— An) Ky lypad|2 =0

(because, for the normalization, it is > [<y|y.>|* = 1) and, since by hypothesis

An— Ay <0 (or > 0), Vn = N, |y> should be orthogonal to all the [y.), Vn#N;
we should have, therefore, |y> = klyyy =K [P)(|K|=1), that is, clearly,
absurd because |y> is a I-type vector and |¥) is a IL-type vector. Further-
more, we have, by hypothesis,

YT = 3 Ay pad P < v 2, KYlyu) [P = Ay

(and vice versa if Ay < A.), which definitely proves (3).
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If now 8’ is an arbitrary mixture of I type, we can show that
(4) IHP< 2y (or > Ay).

Indeed from (3) we have (if n, is the number of system of ;S,'c and > n, = M)

k k
(and vice versa if Ay << A,). This proves that I" is a sensitive observable for S,.
Moreover, we shall show in appendix that only with the addition of the
hypothesis that {1,} is a bounded sequence it is possible to keep the differ-

ence between the expectation values in question finite (and hence experi-
mentally observable), namely that

() SUp {5 <<I's, (or inf (e > (I Ds) -

4. — Concluding remarks.

From a first point of view, our theorem is an instrument which allows us
to construct an entire class of sensitive observables I for a mixture S, (of the
II type) described by a given state vector [¥) (of the II type). But, from another
point of view (since I" of our theorem describes all the possible observables
for X with |[¥> as an eigenstate relative to the maximum and the minimum
eigenvalue), the theorem provides information also about the following « inverse
problem »: let us consider a given observable I'; we will determine the states [
of IT type, such that I" is sensitive for the mixtures S, described by these [¥).

If we consider the question in this second perspective, we can easily show
that the theorem not only states that a given I' is a sensitive observable for
the mixture §, described by [#), but says also that, for every mixture described
by a vector

D) +~ k[P (k] =1),

I' is less sensitive than for S,. Of course |¥> must be an eigenstate of I" for
Ay =max {1,} or Ay=min{1,}. Indeed we have, from the previous discus-
sion,

max D=L s, = Ay
(or min (I"ys = <Iys, = Ax),

Iy < Ay

(or > Ay) for the S mixture of I type or the mixture of II type described
by |®) = k[P (|k| =1).
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Hence (since for I-type mixtures sup {[")s << Ay or inf {I")s > AN) we have
8’ 8’
that mixtures of the II type S # S, can exist such that " is sensitive, but it is

SEP e <A s<TDs,= v

(or vice versa), namely that I" shows a smaller sensitivity for S.

Moreover, since for the continuity (see the appendix) of the functional {y|I'|y)
and the connectedness (see ref. (2?), p. 72, and ref. (**), p. 145) of the set of
I-type vectors the value of <{I")y describes all the values between iBf Iy

and sup <I")s (see ref. (), p. 66, Bolzano’s theorem), it is easy to show that
&

I" in no case is sensitive (that is for every II-type mixture!) if it exists even
one eigenstate of the I type of I" for the eigenvalue Ay. Indeed, in this case,
it is possible to find a |y of the I type, such that {y|I'ly) = Ay.

In conclusion we can say that observables of the type I, as they are de-
fined in our theorem, are the best sensitive observables for the state ¥, as
we shall show in detail in a forthcoming paper.

APPENDIX

We will prove here statement (5). If {1,} is a bounded sequence, namely
if it exists a number M € R+ such that |1,|<M for every n e N, it is easy to
prove that (y|I'|y)> is a bounded, and hence continuous (*), bilinear functional
in Hy; indeed, for every |y> of Hy,

YT <3 |An] - [<yl@np 2< ML D, [<y|pudl? = MLYly)> -

Now, if Hy is a finite-dimensional space, it is obviously true that {2n} is
a bounded sequence. Moreover, it is possible to demonstrate that the set of
I-type vectors is a compact set (**). Thus we deduce from the continuity
(Weierstrass theorem) that there exists a |y, of the I type such that (if the
«sup » is taken for |y)> of I type)

Lty YIyy = Yol yoy < Ax

(or vice versa if ]y = min{1,}). From this inequality it is easy to prove our
statement. n

(22) J. DieupoNNE: Foundations of Modern Analysis (New York, N.Y., 1960).

(%) G. F. Stmmons: Introduction to Topology and Modern Analysis (New York,
N.Y., 1963).

(*) The boundedness of a multilinear mapping is a necessary and sufficient condition
for the continuity of the mapping. (See ref. (32), p. 99.)
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If Hy is an infinite-dimensional space, the boundedness of {1,} becomes a
necessary hypothesis for the continuity. To prove (5) in this case, let us define
the convex envelope of the set of the I-type vectors

B = {|z) e H||x) = ;MI%)? #:i=>0, Z.“t =1, |y;» of I type}

and its closure Z (*). We will show that (5) is valid for |¥>e Hy— E. Indeed
Yy> < Ax for every |ydek ( (**), because, if <(y|I'ly) = Ay, we must have
ly> = K|¥) (K| =1) and this is impossible because |y> € E. Furthermore,
from the Weierstrass theorem, # being a compact set (14) and {y|I'|y)> a bilinear
continuous functional, there ex1sts a |yop € £ such that

sup y|Iy> = <yoll'lyoy < A»  (or inf <y|Ty>> Ay).
ly)ex ly)eE

This inequality proves also our statement (5). In a recent paper (24), further-
more, it has been proved that, in a particular case, statement (5) holds
without the compactness condition on the set of I-type vectors (or on E for
infinite-dimensional spaces).

(*) We define this closure as B ={|z) € Hg| 3 (|#,D)pex > |#n> € E ' |w) = l1m 238
(**) Since <yly><1 for |y>e E, we have

<yll’ly>=21nl<ylwn>[2< Inlylyd> <y, VigreE.

It is easy to prove this inequality also for E.
(**) D. ForrunATO: Lett. Nuovo Cimento, 15, 289 (1976).

® RIASSUNTO

Si dimostra un teorema che permette di costruire la pitt generale classe conosciuta di
osservabili sensibili, cioé di quelle osservabili il cui valore d’attesa & misurabilmente
diverso secondo che il sistema sia quantomeccanicamente descritto da un vettore di
stato del primo tipo (miscela propria) o da un vettore di stato del secondo tipo (miscela
impropria). Il risultato & interessante per l’osservazione sperimentale dell’ipotetica
riduzione spontanea di vettori di stato nonfattorizzabili.

O Ha0JxoJaeMbIX pPa3jMuMsAX MEKAY COOCTBEHHBIM H HeCOOCTBEHHBIM CMEIUMBAHHSIMH. - 1

Pestome (*). — TokassIBaeTCsi TeOpeMa, KOTOPAas MO3BOJISET CKOHCTPYUPOBAThL Hauboee
oOmmii M3BECTHBIM KJIACC TAaKUX HAGIIOMAEMBIX BEIMYMH, OJIsS KOTOPBIX OXUHAaeMbIe
BEJIMYHMHBI CYIIECTBEHHO OTJIMYAIOTCS, B 3aBHCHMOCTH OT TOTO, ONHUCHIBAECTCA JIM CHCTEMA,
KBaHTOBOMEXaHUYECKH C BEKTOPOM COCTOSIHHSI IEPBOTO THIa (COOCTBEHHOE CMEIIMBAHMUE)
HJIA C BEKTOPOM COCTOSIHUSI BTOPOro Tuma (HecoOCTBeHHOE cMemmBanue). Haur pe3ysib-
TaT SIBISACTCSI MHTEPECHBIM [IJIsi SKCOCPHMEHTAJbHOIO HAOIIONEHUS THIOTETHYECKOIO
CIOHTaHHOTO IPUBEICHHsI HEDAKTOPU3YEMBIX BEKTOPOB COCTOSHHIA.

(*) IIepesedeno pedaxyueit.
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