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STOCHASTIC DERIVATION OF THE DIRAC EQUATION IN TERMS OF A FLUID OF SPINNING TOPS
ENDOWED WITH RANDOM FLUCTUATIONS AT THE VELOCITY OF LIGHT
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If oneanalyzesthe stochasticbehaviourof classical“rigid” topsimbeddedin Dirac’saether(relativistic thermostat)one
obtains(for randomjumpsat thevelocity of Iight( a probability distribution correspondingto the I’eynman—Gell-Mann
equationfor relativisticspin 1/2 particles.

The aim of thepresentletter is to completea pro- Indeed the propotlentsof SIQM haveattempted.start-
gram of stochasticderivationsof the basic quantum- ing in generalfrom a covariant classical(nonquantized)
mechanicalequationswith a derivationof the Dirac electromagneticvacuum(SED). to derive theSchrddinger
equationin its Feyninan--Gell-Mann form 11 This and Pauli equations1151 Theseimportant attempts
is necessaryin the stochasticinterpretationof quantum havecertainly widenedour understandingof the pro-
mechanics(SIQM) [2---7I for a mathematicaland a blent, hut SED (becauseit containsno photons)not
physicalreason. only contradictsexperimentalfacts [16 , hut now

The mathematicalreasonis that accordingto the meetswith theoreticaltroublesin the stability of
Cartan—Paulidemonstration[8 —~101 thereareonly’ lwdrogenorbits 1 7,1 8
threepossiblebasictwo-dimensionalspin subgroups OurStartingpoint is different: we start with Dirac’s

(whichpreservetwo-dimensionalplanes).Kinentatically aetherniodel recentlyenlargedto spin [131 by one
they correspondto purely Lorentz(J = 0), purely spa- of us (J.P.V.).a model whichimplies [51stochastic
tial (J = I) andlight-cone tangent(J = 1/2) subrotations motions at the velocity of light As one now knos~s
in SO(3, 1). Mathematically [111 they correspondto this model justifiesthe validity of Nelson’sstochastic
the D(0), D(1 ), andD( 1/2) representationsof thero- equationsgiven in a relativistic form by Guerraand
tation groupimbeddedin thegeneralrepresentation Ruggiero(GR) [191andVigier 141. The application
D( 1/2. 1/2) of the Lorentzgroup. The usual quantiza- of thesemarkovian processesrepresentedby Nelson’s
tion of their threeclassicalcounterpartsindeedyields equationin their GR form to
theusualwaveequations[101. (a)spin 0, ie. extendedparticleslabelledby a posi-

The physicalreasonis that,if one acceptsEinsteini’s tion x~(T)andan invariantdensityp
2(x), and

ideaof a subquantalcovariantchaoticvacuum(mate- (b) spin I . i.e. Weyssenhofparticleslabelledby a
rialized for examplehi Dirac’s aethermodel [12.131), positionx

0(r) anda complexfour-vectora,~(x)(with
oneshouldbe ableto deduce(as hasalreadybeen = a~a~).
donein variousequivalentways [4,5,141)not only can now be extendedto classical “rigid” tops labelled
J 0 andJ= I equationsbut also theJ= 1/2 equation. by a positionx0(i) anda density p

2 of Einstein--Mayer
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orthogonaltetradsof axisa~t)represented[20] by a theenergy scale,eq. (5) takesthe following form:
normalizedfour-componentspinor ~Li.To follow Dirac’s
aethermodelwe shall of courseintroducein our mo- (El — 2m am/ar—a1~aV~_AVAV

del a density representinga mixture of topswith op- 2A~av~+ ~ u,2~FP-’~)p= 0 . (6)
positechiralities (i.e. representedby left and right
handedtetrads)which representa top(particle)and Similarly for eq. (4) we havefrom eqs.(1) and(2):
anti-top (antiparticle)mixture [5]. Thismeansthat ~ a~A~+ 2A~,°)p= 0 . (7)
our topsin their stochasticjumps,canmove in the
forward(particle)or backward(antiparticle)time If we now makea linearcombinationof eqs.(6) and
direction,as introducedin our Markovjustification (7) with coefficients 1 andi, we haveaftermultiplica-
of the Klein—Gordonstatistics[5]. tion by exp(i4~):

Wecomenow to our derivationandwe introduce [(El+ 2ia~q~a~+ iEh1— a~cI~avq~— AVAV
theGR formalism [191:

+ ia~Av+ 2iAva~— 2A~a°~)p
D=a/ar+b5av, b0=Dx~(r),

(1) +~o~~F!.Lep_2m(a~/ar)p]exp(i~)=0, (8)
—(2m)~E+ ~ 5b~= 6Dx~(r)

which finally takesthefollowing syntheticform:
h = c = 1, andwe supposethat the drift andthe sto-
chasticvelocities and canbe derivedfrom [(i&~ — A~)(ia~— Au) — 2im a/ar

b(A~+a~ia)/m, ~ (9)
(2)

= —(2m)~aPlnp
2= —m (a/.tp)p_l If we now multiply this matrix equationwith an arbi-

trary constant(x independent)spinorw andif we
whereAM(x) is thevectorpotentialof an external pose~(x, r) = exp(i4)pw we have
field, and (I)(x, r) andp(x) arereal diagonal4 X4
matrices.We also require thatp is non singularand [(~~— A~)(iav— A~)— 2im a/ar
that p2 is a traceinvariantmatrix which plays therole — ~ r) = 0 , (10)
of a densitymatrix (but not a definite positiveone
becauseof thepresenceof particlesandantiparticles). which, with the positions

The classicalcovariantstochasticequationand the ~(x, r) = S(x) — mr, i,Li(x) = exp(iS)pw , (11)
continuity equationfor our “rigid” top in an external
field are now gives exactlythe Feynman—Gell-Mannequation

m(DD— bD~D)x~(r) = b~F~+ (4m)~ ~ [(ian—A~)(iaz~— AV) — ‘a~F~~]~i(x)= m2Vi(x).
(3) (12)

a~(b
0p

2)= 0, (4) The connectionbetweenthe p2 matrix andthe4-

where&~v = ~ [‘y~, yv] are thegeneratorsof the spinor componentDirac spinorsi4’ is clarified if weconsider
transformationsdeterminedby the Lorentz transfor- thefour spinorsili’= exp(iS)pw’ wherew’ (r = 1,2,
mations.We will usein the following the 7-matrix no- 3. 4) are constantspinorssuchthat (for ~ r = wr+y

0)
tation of Bjorken andDrell [211.Of courseeqs.(3)

= Er~rr = +1, r = 1, 2
and (4) are4 X 4 matrix equations.From eqs.(1) and
(2)wehaveforeq.(3); ~�rWWI, —l, r3,4. (13)

ra# [(2m)
1 (Dp)p~— a~t~/ar— (A~+ a~I~)(A~+

For examplewe could take
+ (4m)’uuxF~] = 0 (5)

I 1\ fo\ (o\ foI
which showsthat the termin the bracketsis constant. I0 III 101 ~0
If we posethis constantequalto zero,by rearranging w

1 = 0 = 0 = 1 = 0)(l4)

101 101
13
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