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TOWARD A CAUSAL INTERPRETATION OF THE RELATIVISTIC QUANTUM MECHANICS OF 

A SPINNING PARTICLE 

ABSTRACT 

Nicola Cufaro Petroni 

Dipartimento di Fisica dell'Universita e 
Istituto Nazionale di Fisica Nucleare 
Bari (Italy) 

As a first step in the direction of a causal interpretation, we analy­
ze the features of the second order wave equation for spin 12/ fields. 
It is shown that this equation allows a coherent statistical interpreta­
tion by means of a conserved density which is positive definite. On this 
basis we can also construct all the usual Hilbert space formalism of the 
relativistic quantum mechanics. The relations with the fields ruled by 
the first order Dirac equation are also discussed. Finally, the perspec­
tives of the definition of a relativistic spin-dependent quantum potential, 
of the connection with stochastic processes and the extension to the case 
of two correlated particles are briefly discussed. 

In this note we will briefly sketch an outline of a researchl , still 
in progress, that will bring us to a complete deterministic interpretation 
of the non local quantum interactions of the E.P.R. type 2, for the Bohm­
Aharonov 3 case of spinning correlated particles. We hope so also on the 
basis of the fact that an analogous previous work on spinless relativistic 
particles gives encouraging results 4 . 

Our interest in the second-order relativistic wave equation for spin 
1/2 particles is based on the following considerations: 

a) it is , in some sense, astonishing the fact that spin 1/2 particles 
should be described by means of a first order equation, whereas the 
integer spin fields are usually ruled by second order equations, 
which are the most natural quantum analog of the relativistic ener­
gy-momentum relations; 

b) if we are looking for a causal interpretation of the relativistic 
quantum equations, a classical analogy is more easy found starting 
from second order wave equations. 

Here we want to sketch the main lines followed and the first results 
obtained in this research. By introducing the symbols 

D = 1- (i~a - ~ A ) 
~ mc ~ c ~' 

~ = 
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the second order equation we are talking about takes the from 

(I - ~2) ~(x) = 0, 

ore the ore familiar one 

[(i~a - ~ A) (i~a~ - ~ A~)- e~ F cr~v - m2c2] ~(x) = O. 
~ c ~ c 2c ~v 

Along with it we will consider the two first order equations 

(I -~) ~(x) 

(I +~) ~(x) 

o 
o 

(1) 

(2) 

(3) 

We will denote by means of F, D_, D+ the set of spinors solution respecti­
velyof (1), (2), (3). Now we can easy prove the following propositions: 

1. the only spinor common to D+ and D_ is the identically zero spinor; 
2. D and D are vector subspaces of the vector space F ; 
3. there is-a one-to-one correspondence between D and D realized by means 

+ -
of the matrix Y5; 

4. F is the direct sum D+ and D . 

Among others, from the property 3. it follows that, while eq.(2) is the 
usual Dirac equation, eq. (3) is satisfied by ~ = Y5~ if ~ is solu­
tion of (2): it is the well-known correspondence+betwee~ a posItron wave 
function and an electron wave function moving backward in space-time with 
the sign of energy inverted. 

All the theory can be derived from the Lagrangian density 

If we derive the usual current density from it 

J (x) = 1/2 (~y ~ + ~y ~~) 
~ ~ ~ 

we find that its zero component 

+ 
Jo(x) = Re (~ ~~) 

(4) 

(5) 

(6) 

is not positive definite. That is not an unexpected result: as everybody 
knows itisafeature common to all the second order wave equations like 
the Klein-Gordon equation. As a consequence, J (x) tan not be interpreted 
as a probability density and a coherent statis~ical interpretation of the 
formalism is forbidden on this basis. Moreover in a quantum theory we can 
always pose the following questions: Are the subspacesD+andD_mutually orthogo 
nal? Are the elements of F normalizable wave functions? How can we ap­
proximate the solution of a physical problem in F? To what extent we can 
reproduce in F the outcomes of the Dirac theory like, for example, the 
hydrogen atom spectrum? All these questions and others, along with that 
about the statistical interpretation, can find an answer only if we suc-
ceed in building a Hilbert space structure on F, based on a positive defi­
nite norm. Of course, non positive norms are conceivables, but how can we 
mantain the most usual results and what about their physical meaning? 
The fundamental achievement of Dirac can be read, from this standpoint, 
as a restriction to the_subspaceD_ as the set ~f the physically acceptable 
states, where J (x) = ~Y ~ and hence J (x) = ~ ~ > O. 

~ ~ 0 

Despite the impressive importance of this Dirac position, we want to 
stress here two remarks: 

100 



A) the Dirac restriction is too much severe: it eliminates, as unphysieala 
lot of states with positive density; 

B) the Dirac restriction is unnecessary: a solution of all problems can be 
found in the whole space F 

In order to prove A) Let us take the free case (A 0), namely 
2 2 )l 

( 0 + ~) 
~2 

l/J(x) = 0 (7) 

whose plane wave solutions are 

l/J (x) N eipx/}i u p 

p p)l 2 2 2 A+ -)- 2 
m c ; E = ± mc (L) 

)l mc 

(8) 

where u is an arbitrary four-spinor, constant in the space-time. For the 
free Dirac solutions there is a further restriction on u: 

(y, ± mc) u = 0 (9) 

with the sign dependent on the energy sign. We can now find plane waves 
(8), solutions of (7), with positive conserved density, without obeying the 
condition (9). In fact, if we label the u with a parameter € = ± 1, so that 

[H,(OJ'l u 
€ H (a)ll -€ -

a -a 
H (a) 

e + €e , a E[O,CO] 
€ 2 

+ + 
with ~,lltwo spinors such that ~ ~= II II 

Now the current (5) becomes 

J 
)l 

and hence 

Re(h)l i}1 
mc 

N2 
J o = -;;;cz- € E. 

Consequently the most general positivity conditions is € = sgn(E) and the 
spinors 

l/J (x) = Neipx/}i u 
p € = sgn(E) 

always lead to positive J . 
Hence, a solution at restOwill be 

N e 
-imc2t/}i r cosha 

l/J(x) 
L sinha 

N 
imc2t/}i r sinha e 

L cosha 

~ -, 
n I 

-I 
E 

:J E 

2 mc 

2 
- mc 

In other words, only a= 0 is possible, under the Dirac condition (9), that, 
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hence, must be considered too much restrictive. 
To prove the statement B) it is enough to show, by direct calcula­

tions, that besides the current (5), the vector 

j (x) = 1/2 (~ Y w+ ~wY ~w) (10) 
jJ II jJ 

is another conserved current density, whose zero component 

(11) 

is always positive. We did not find it at first because it is not derived 
from our initial Lagrangian density. Anyway, jll(x) allows one to define a 
coherent scalar product, and all the machinery of the Hilbert space connec­
ted to it, and, of course, a statistical interpretation. 

More light can be cast on this.breakthrough by considering what the 
word "state" means here. If we look for the state of a system at a given 
time xO, we can not consider it as completely determined by the knowledge 
of wi' 0' because we are dealing with a second order equation, and hence 
wi xis not enough to determine w(x) in all the space-time. In fact, we 
ne~~ here two initial conditions;wl oand dowl 0' or, in a covariant form 

x x 

¢l (;) , ~wl 0 = ¢2(;) , 
x 

where ¢l' ¢2 are two arbitrary four-spinors, which, along with eq.(l), 
completely oetermine the spinor field w(x) in all the space-time. Hence 
the vector space of the states at a given time XO is the space of the 

,ight-compon,nt dO:~':-:P:~:;' j¢l(:: 1 
x ~2(r) r 

) 

and the complete space-time dependence of such a double spinor is 

'l'(x) 

where w(x) is are element 
'l' (x), we can show that it 
solutions of 

(C Dll 
II 

where 

Iy 0 ] 
C 

Loll Y II II 

1/12 reX) } 
~w(x) .. 

of F • if now H is the 
coincides with the space 

- C) 'l'(x) 0 

C = [~ ~ ] 

(12) 

vector space of these 
of the doble spinors 

(13) 

and that it is a Hilbert space whose scalar product is defined by means of 
the positive density j (x); 

o 

<'l'i@> = l/2fd3; (WYo¢ + ~W Yo~¢)· 
In other words (13) is perfectly equivalent to (1) and F is in a one to 
one correspondence with H . It is in H that we can build the operator al­
gebra of the observables. As a consequence, in this framework, it can be 
shown that the energy spectrum of a quantum system obtained from (13) 
[or equivalently from (l)J is always the same as that derived from the 
Dirac equation (2); only the number of states for each eigenvalue is dou­
bled, because now we must take solutions in D and D+ 
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As a conclusion we will sketch the further steps required for a deter­
ministic interpretation of eq. (1). First of all let us poinJMout that in 
the non relativistic, spinless case, the position ~ = R e~s directly 
leads to a splitting of the Schr5dinger equation into a continuity and a 
dynamical equation. The latter can be interpreted either as a generalized 
Hamilton-Jacobi equation or as a velocity potential equation for a Made­
lung fluid. For spinning particles only the second interpretation can be 
retained: in fact, for a classical spinning body, the Hamilton function S 
should depend on space-time coordinates and Euler angles. But a spinor 
1jJ(x) shows no dependence on angular variables at all. On the other hand, 
in fluidodynamics, a spinning fluid can be described by means of a num-
ber of fields, all of them functions of the space-time only, that can be 
accomodated into the spinor components. In this case a velocity field 
V (x) will be described by means of a velocity potential sex) plus a cou­
p~e of Clebsch parameters X(x), w(x), in the following way 

v (x) =3 s(x)+ w(x) 3 x(x) . 
~ ~ ~ 

(14) 

Hence the forthcoming step will be the decomposition of the four-spinors 
1jJ(x) in terms of velocity potentials and Clebsch parameters, all connec­
ted with complex Euler angles. In fact, the complexification of these para­
meters rests on the basis of the well-known isomorfism between the group 
of the Lorentz transformation and that of the rotations in a there dimen­
sional complex Euclidean space. In the representation where 

a tentative, but not yet final, decomposition is 

1jJ(x) R(x) eis(x)/~ ¢(x) 

where R is the 4x4 matrix 

R(x) = p(x) + iq(x) YS 

S is a real velocity potential and 

cosu e . 
. , -~w 
~s~nu e . ~ ~w 1 

¢ (x) = 1//2 .c~su* e~;;*1 
~s~nu* e J 

is a spinor satisfying the relations 

l, ¢rs ¢ = O. 

That leads to forms like (14) for the velocity field. The final step is, 
of course, the derivation, from (1), of the equations for all the parame­
ters involved, that worild lead to the definition of a relativistic, spin­
dependent quantum potential. 
Furthermore, the generalization to the case of two particles of the eq. (1), 
would enable one to decide if the ~ulting non local quantum potential can 
satisfy the compatibility conditions of the relativistic predictive mecha­
nics 6 . If it will be so, we could realistically hope to build up a cohe­
rent, deterministic, relativistic, non local theory of the quantum pheno­
mena. Finally we will remark that it seems likely that our starting point 
of a second order wave equation will allow a coherent connection with sub­
quantum stochastic processes, as previous works have already shown 7 
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