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PERSPECTIVES OF PHYSICAL DETERMINISM

Nicola Cufaro-Petroni

Istituto Nazionale di Fisica Nucleare
Dipartimento di Fisica dell'Universita
Via Amendola 173

70126, Bari,Italy

ABSTRACT

A short review of the problems posed to the physical determinism by
quantum mechanics and relativity is presented, along with the suggested
ways to circumvent them.

1. INTRODUCTION

Generally speaking the so called "impossibility theorems" cannot
be considered as absolute impossibility statements. In fact, it is
trivial to remark that, if we look at the hypotheses on the ground of
which these theorems are proved, they fix rather the price we must pay
in order to get some result, than the fact that this result cannot be
reached at all,

In that sense we think that the von Neumann theorem and the no-inte
raction theorem can be considered as impossibility theorems about the
problem of the construction of a causal interpretation of the quantum
mechanics. In fact, they were for a long time considered as a crucial
obstacle on the way to a definition of a deterministic theory of
quantum phenomena.

However, recent and less recent developments have shown that it
was not completely impossible to get such a deterministic description.
Of course, the theorems are correct, but it is possible, by looking at
their hypotheses, to find a way to circumvent them. The aim of this
paper is to sketch a possible path between the obstacles represented
by the von Neumann and the no-interaction theorems toward the final
result of a causal description of nature.
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2. VON NEUMANN'S THEOREM AND BEYOND IT

It is well known that the first difficulty for a causal interpreta-
tion of the quantum theory was posed by the existence of the uncertainty
relations. They could be viewed as a consequence of the formal property
of the Fourier transform characterizing the wave function of a microsco-
pic system, and thus, in some sense, as an inherent behavior of the
microscopic world, in which the observables are not always well defined
(so that sometime they can lack their physical meaning). However, in
another sense, the uncertainty principle could be considered as the
effect only of the disturbance induced by a measurement of the observa-
bles of the physical system. Of course, in this case the observables
always mantain their meaning, but the description of the system given by
the wave function must be regarded, in some sense, as an incomplete one.

It is in this context that we can pose the problem of the existence
of the "dispersion free" states, namely the states (or wave functions)
for which all the observables have a well defined value without disper-
sion.

Regarding this question, it is well known that thevon Neumann
theorem(1l) states the impossibility of the existence of dispersion free
states in the framework of a theory reproducing the results of the quan-
tum mechanics. We do not enter here into a discussion of this theorem,
whose analysis can be found in an already vast and well-known literature.
We, however, allow ourselves the remark that, despite the proof of von
Neumann, dispersion free states were explicitely constructed in a causal
model proposed by Bohm(2) which reproduces all the features and the
results of non-relativistic quantum mechanics.

Thi§3§ausa1 theory, based on earlier works of Madelung and de
Broglie, considers the wave function asaphysical field and, by means
of a separation of the real and imaginary parts of the Schrodinger equa-
tion, furnishes a continuity equation and a gereralized Hamilton-Jacobi
equation, describing the dynamics of a classical particle subjected to

a field of force exerted by the wave function. For such a classical
particle all the physical observables are well defined.

The field of force of ¥ was represented by the socalled quantum
potential defined as

- 2 g2
U@ = - LR pa, lv]? . (2.1)

But how was it possible to get around the von Neumann theorem?

We must remark that, among the hypotheses of this theorem, there
is the statement, directly generalized from ordinary probability
theory, that the expectation values of observables are linear, in the
sense that

E(aA + bB) = aE(A) + bE(B) (2.2)

for A, B observables and a, b real numbers. This statement is revealed
as an excessively restrictive hypothesis which could be relaxed if one
takes into account the existence in quantum mechanics of incompatible

(noncommuting) observabes. In this case, following a remark of Bell,(Q)
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we can immediately see that in the Bohm model, for example, the relation
(2.2) is not always verified when A and B are incompatible observables.

Thus the Bohm model and its subsequent analysis indicated that a
causal interpretation of quantum mechanics could not be considered
absolutely impossible on the basis of the von Neumann theorem. This
important remark opened the way to a number of investigations on this
argument: modifications, generalizations of the original model, stocha-
stic interpretations, etc.

3. QUANTUM POTENTIAL AND CAUSAL ANOMALIES

However, if the road to building a causal interpretation of the
quantum formalism appeared open from the standpoint of the von Neumann
theorem, another important difficulty lurked in the idea of quantum
potential itself.

If we consider two particles 1 and 2, described by a nonfactoriza-
ble ¢ (1,2), and if we decompose the wave equation into its real and
imaginary parts, we find that the two particles are subjected to
quantum potentials respectively of the form

K2 ViR 2 V3R

U1(1’2)= T 5T T U2(1,2)= - 21-1 R

. 2= 2
7 R ; R%2= |p]? . (3.1)

It is evident that these are two nonlocal potentials, as Bohm himself
pointed out immediately(z), in the sense that the force acting on 1

(or on 2) instantaneously depends on the position of 2 (or of 1). Of
course there was no problem in a nonrelativistic theory, but it is
possible to carry out the same analysis on the relativistic Klein-Gordon
equation; one obtains as relativistic nonlocal quantum potentials,

__¥ Or __ K DzR
U1(1,2)— R U2(1,2)— “mTR - (3.2)

On the other hand, it is well known that the nonlocal potentials
between directly interacting particles, such as (3.2), are generally
viewed as carriers of instantaneous signals between the two particles
and that this possibility introduces the socalled "causal anomalies."
Classical examples of these (signals travelling backward in time, effe-
cts preceding causes, etc.) can be found in the standard literature on
relativity theory.(55

It thus seems that the idea of a quantum potential, introduced in
order to get a coherent causal interpretation of quantum mechanics,
directly implies the breakdown of causality in another sense. Indeed,
the existence of signals (or particles) travelng faster than light is
not in direct contradiction with the formalism of the theory of the re-
lativity: a number of investigations in this field (and about tachyons)
are based on this possibility. But the difficulty aries when, besides
the relativity principle, we admit a suitable idea of causality. In
this sense, the existence of nonlocal quantum potentials could be incom
patible with a causal theory of the microscopic phenomena.

In fact, a suitable Lorentz transformation applied to a superlumi-
nal signal, could allow it to propagate backward in time, so that the
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succession of causes and effects will depend on the choice of the refe-
rence frame and, as a direct consequence, we could influence our past
history.

First of all we must say that there exists a general opinion today
that it is impossible to send macroscopic superluminal signals by means
of quantum potentials or, for example with an EPR apparatus.(6 That
will depend on the "uncontrollable" (macroscopic) character of this

subquantum nonlocality, which manifests itself in the fact that we never
can get any signal from an EPR apparatus if we look only at ome polari-
zer. We must always consider coincidences of measurements in order to
appreciate changes or signals in the apparatus. Accordingly, we must

in any case wait for the knowledge of the results of both polarizers

and never can receive a signal by looking at only one of them.

However, going beyond this preliminary re??gks, we need here a
deeper discussion about the idea of causality. In some sense we must
distinguish between two concepts of causality, depending on whether we
are dealing with closed or non closed systems:

(a) The first concept is a development of the ideas of the classi-
cal mechanics: For a closed systems we speak of causal or predictive
description when the knowledge of the initial conditions, at t_  , deter
mines the evolution in time by means of the equations of motion (Cauchy
problem).

(b) For nonclosed systenms we speak of the propagation of a signal
from one event (cause)to another (effect) by means of an interaction of
the given system with an external perturbation: In this case 'causality"
deals with statements about an invariant succession of causes and effec-
ts such that anomalies can be avoided.

These two concepts are not equivalent, and the causality idea di-
scussed in connection with the principle of relativity and the quantum
potentials is of type (b). Hence, from the contradiction between (b)
and the existence of superluminal signals, we cannot deduce anything
about the relation between (a) and the nonlocal quantum interactions.

In this sense, the possibility of a theory of a direct nonlocal
interaction, .in the scheme of a relativistic predictive mechanics, is
not influenced by the preceding analysis of the causal anomalies, if
we clearly state that we always are dealing with closed dynamical sy-
stems.

As an example,(g) let us consider the case of two particles 1 and
2 interacting via a nonlocal potential. We can solve our dynamical
equations and determine their world lines L, and L,. Until now, no
causal anomalies can arise. However, we can pertur L; so that the
disturbance will be propagated instantaneously via the nonlocal interac-
tion. Of course, in order to do this we must use something external to
the system 1 + 2: for example a particle 3 acting on 1. As long as 3
remains an "external" agent with the ability 'to be or not to be ,"
there is place for causal anomalies. But, if the world is a unique set
of events in which the particle 3 is (and cannot "choose" anything else),
we need only consider the enlarged closed.system 1 + 2 + 3 in order to
get a new perfectly causal system in a predictive sense, completely
free of any causal anomaly.
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4. THE NO-INTERACTION THEOREM ...

Following the analysis of the preceding section, we now consider
the possibility of existence of a predictive theory of closed systems
in the presence of a direct nonlocal interaction.

To this end we must start with a more clear discussion about the
idea of covariance.(9) ye can distinguish two meanings of this expres-
sion: The first is the socalled "manifest covariance' which deals with
the use of a mathematical apparatus (temsor calculus) that exploits the
spacetime symmetry. Another, nonequivalent meaning concerns the group
of inhomogeneous Lorentz transformations. In this sense relativistic
covariance requires that the linear space of the states of our physical
system be a representation space for the Lorentz group. This approach
was first developed for the relativistic quantum theories, where the
ambiguity of the concept of the "position" of a particle in spacetime
makes it difficult to directly use the scheme of manifest covariance.

In fact, this idea of relativistic covariance is concerned only with

the Lorentz group as expressing the relationship between physical pheno-
mena as viewed by different observers. Accordingly, the fundamental
demand is that the vector space for the states of our system (defined,
for example, by means of a homogeneous linear differential equation) be
the ground on which we can define a linear representation of the Lorentz
group.

In this sense the problem of defining the dynamics of our system is
that of identifying the ten fundamental infinitesimal generators of the
group that satisfy the Lie bracket relationship characteristic of their
algebra:

{p,,p.} =0, [P.,H]l =0, [J.,H] =0,
17 ] 1 1

J. = =
[ 1,Jj] eiijk, [Ji,Pj] gijkpk,
[J,.K.1 = g;., K, [K.,H] =P,
K
i*7j ij ] h] .1)
[Ki,Kj] = "Eiijk, [Ki’Pj] = pj;

i,j,k = 1,2,3 .

This program, developed in relativistic quantum theories, has an
extension to classical mechanics that was pioneered by Dirac.(10) In
fact,the Lorentz symmetry in a classical Hamiltonian theory of a fixed
number of particles can be introduced by means of functions of their
canonical variables. This can be done by requiring that the generators
of the canonical transformations connected to the Lorentz group satisfy
the usual relations characteristic of the group structure, i.e., as
(4.1) in the quantum case. Of course, theybeing the generator functionsofthe
canonical variables, the Lie brackets will be the classical anolog of
the quantum commutators, viz. the Poisson brackets.

Until now nothing has been said about the particular way in which
some specific physical guﬁntities transform in the theory.” If, for
example, we require (9,10) that the spacetime coordinate Qj of a parti-
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cle transform, in the familiar manner, according the Lorentz transfor-
mation formula, we find that theywill satisfy a set of Poisson bracket
equations with the ten generators of the group:

[QJ ’Pj] = sij’ [Qi’Jj] = Eiijk’

[Q;,K.T = Q,[Q;,H] 5 (i,5,k = 1,2,3).

(4.2)

These relations, which must be postulated in addition to the alge-
braic relations (4.1) among the generators, are connected with the cano
nical character of the Q. and with the question of the invariance pro-
perty of the world linesd

It is in this context that the no-interaction theorem was develo-
ped.(ll) This theorem shows that, by combining the demand of relativi-
stic symmetry (as expressed by the relations between the generators of
the group) with the requirement of the manifest covariance for the space
time positions of the particles of our system, we get a very restrictive
set of conditions on the form of the generators. More precisley, it can
be proved that the above conditions are compatible only if we are dealing
with a set of noninteracting particles. If indeed we calculate the acce-
leration of each particle, we find that it always is zero, and hence all
the velocities must be constant.

In this sense, in a Lorentz symmetric, classical, Hamiltonian
theory, the requirement of the ordinary manifest covariance of the space
time positions rules out any interaction. This important theorem was
considered for a long time as a proof of the impossibility of construc-
ting a classical theory of directly interacting particles and, conse-
quently, as the main reason for introducing a quantized field theory in
order to describe interacting systems.

5. . . . AND BEYOND IT

In a precise sense, the fact that, in a relativistic Hamiltonian
theory, one cannot use covariant particle coordinates as canonical
variables, indicates the formal "cost" of a relativistic theory with
action at a distance, rather that the impossibility of it. 1Indeed, a
few forms of a relativistic dyn?9ics of directly interacting particles
have emerged during last years. »12) Of course, all these approach must
take into account the above mentioned results of the no-interaction
theorem, so that in general we will deal with noncanonical positions
or noninvariant world lines, and so on. However, these attempts show
that, beyond some conpatibility condition imposed on the form of the
interaction, a theory of relativistic particles interaction via action
at a distance is possible and works. Thus the problem, outlined at the
end of Sec. 3, of the construction of a covariant dynamics for intera-
cting closed systems admits solutions, even if not the more simple
conceivable ones.

Here we will briefly sketch one of these approaches, based on the
socalled constraint formalism for classical mechanics, 3 that present,
in a new suggestive form, the essential results of the preceding predic-
tive theories.
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In a phase space with simplectic form (Poisson's brackets) there is
a way to define trajectories without reference to any time parameter.
Thus these trajectories will be manifestly covariant. The theory will
also be Lorentz symmetric if it constitutes a linear representation of
the Lorentz group. To accomplish this we consider k functions Ki(q,p)
(i=1,...,k) satisfying the relations

m m
{Ki’Kj} = % Aij Km’ Aij const. (5.1)
The set of equations K, = 0 will constitute a constraint which defines

a hypersurface in phase space. If now we congsider canonical transforma-
tions generated by K., it is evident that the constraint hypersurface
will be left invaridnt. Thus, starting with an arbitrary point on the
hypersurface, the iteration of the canonical transformation generated
by K; defines a trajectory lying on the hypersurface.

Now it is possible to define generalized Hamiltonian equations of
motion by establishing the functional dependence between the q2 and the
remaining canonical variables. However, this passage is not negessary in
the constraint formalism, which is totally algebraic: No explicit time
dependence of variables needs to enter into its statements, so that it
will remain covariant and also manifestly covariant. In this sense the
Hamiltonian formalism and the constraint formalism are closely related
but not identical.

In this formalism we can also introduce direct interactions, for
example, in the case of two particles, by means of a scalar potential
V(r), where r, a scalar, is the spatial separation of the two particles
in the rest frame of the center of mass. Thus we get a well defined
covariant system of directly interacting particles. Of course, not all
forms of V(r) are permitted.

However, the price to be payed for the no-interaction theorem is
that we need in this theory a deeper analysis of the idea of observable.
Formally we can introduce in phase space the socalled "syntactic"
observables, as functions of p., and q., which commute with the K. on the
constraint hypersurface: They are conitant along each phase spacé tra-
jectory. But these observables are not coincident with the physical
"semantic'" observables, namely: times, distances, velocities, etec. as
measured by rulers and clocks in some frame of reference. The main dif-
ficulty of the constraint formalism lies in the connection between syn-
tactic and semantic observables, In fact, in order to obtain the space~
time orbits, we must associate semantic observables with the phase space
coordinates. But this association is ambiguous, in the sense that it is
unique only in a preferred frame of reference: the center of mass rest
frame. In this frame, the association of the ¢¢ with the semantic time
gives rise to auxiliary conditions and to a unlque identification of
Lorentz covariant orbits in spacetime.

6. CONCLUSIONS

The preceding brief discussion shows that the road to a causal in-
terpretation of quantum theory cannot be considered closed on the ground
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of the von Neumann theorem and of the no—interaction theorem. In fact,
these theorems state what we can do and what we cannot do in order to
build a deterministic theory of the microscopic phenomena. On this
question preliminary works exist (14) showing that, at least for the
scalar-particle case, the quantum potential between two correlated par-
ticles satisfies the compatibility conditions for a predictive mechani-
cs, so that it can be used in the construction of a "classical” mecha-
nics for these systems. Of course, this is only a first step along the
way leading to the definition of the description of a deterministic
world. However, nothing has been said till now about the problem, out-
lined in Sec. 5, of the canonicity of the coordinates or of the identi-
fication of the physical observables, which items will constitute no-
thing less than an exciting program for the future.

A final remark: In order to avoid any possible causal anomaly, the
world must be treated in a nonlocal theory as a unique, closed, predicti
ve system, in the sense sketched in the Sec. 3. This implies that we
must accept, in some sense, a completely deterministic point of view
about the evolution of the world. Of course, such a choise could not
be made without a discussion concerning fields and arguments (episte-
mology, philosophy, ethics, etc.) not directly connected with physics.
We cannot eneter here in to a debate on these questions; we recall only
that in the past centuries the idea of a deterministic universe was
widely considered a real possibility and that a long chain of thinkers
and physicists, from Spinoza through Diderot and Laplace up to Einstein
himself, was in various forms concerned with this "Weltanschauung."
Perhaps the time has come to reopen the debate on these problems.
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