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It is shownthat in theframework of the stochasticinterpretationof quantummechanicsit is always possibleto determine
correctrealpositivetransitionprobabilitiesthat canbeaddedtogetherto obtain thequantuminterferencepatterns.The impli-
cationof thisfacton thepossibilitythatquantummicro-objectsfollow trajectoriesin spaceandtimeis discussed.A derivationis
givenof apathintegralformulayieldingthesetransitionprobabilities.

It is usualto saythatquantummechanicsrulesoutthe possibilityof speakingofparticletrajectoriesin space
andtime. A wayto showthis is to remarkthat, asrecentlyconfirmed [1] (andcontraryto classicalparticles)
quantummicro-objectsindividually interferein a two-slit experiment:a factthat immediatelyraisesthe ques-
tion (negativelyansweredin the usualCopenhageninterpretation)if particlestravel,or not, in real spaceand
time. Sincethereistodaya numberof theories[2,31, inherentlybasedon theideaof particletrajectories,which
extensivelysimulatethe quantumresults,all thisdiscussionmusthe up-dated.In orderto do this, in theframe-
work of one of thesetheories [31,let us briefly summarizethe origin of the Copenhagenno go statement.

If a quantumsystemobeysthe Schrodingerequation

ihô~~(r, V(r, I)) ~i(r, I) (1)

andif K(r, I; r, t’) with I> I’ denotesthe correspondingGreenfunction, we know that the wavefunction

yí(r, t) =JK(r, t; r’, t1)~~(r’,t~)d
3r’ (2)

representsthe solutionof (1) with the initial conditiony.i(r, t~)—~~(r).ThekernelK(r, t; r
1, 1~)thendenotes

a solution of (1) correspondingto the initial condition

lim~(r,I)=5
3(r—r,) , (3)

t~t~

while I K(r, I; r~,t~)12 representsthe probability densityat the time I underthe conditionin the sensestated
by (3), that the particlewas in r

1 at the time 1,. The functionsK evidentlysatisfy the relations (tf> t> 11)

K(rf, tf; r,, t~)=JK(rf, I~r, I) K(r, I; r~,t1) d
3r. (4)

Now from relations(2) and (4) it immediatelyfollows that in general

I ~(r, 1)1 2�J IK(r, I; r’, I’) 12 I~~(r’) 2 d3r’, (5)

370 0375-9601/89/$03.50© ElsevierSciencePublishersB.V. (North-Holland)



Volume 141, number 8,9 PHYSICSLETTERSA 20 November 1989

IK(rf, I~~, t~)I2~J !K(r~,If; r, I) 121K(r, I; r
1, t~)2 d

3r. (6)

Let us now comparerelations(5) and (6) with the classicalrelations

p(r, 1) P(r, I; r’, I~) p~(r’)d3r’, (7)

P(rf, I~r~,t~)=JP(rn, If; r, I) P(r, t; rj, t~)d3r, (8)

wherep andP are respectivelythe probabilitydensityandthe transitionprobability densityof a Markov pro-
cess;namelythe solutionsof a Fokker—Planckequationwith the initial conditions

p(r,I~)=p~(r), (10)

limP(r, I; r~.t
1)=ô

3(r—r
1) . (11)

Since theseclassicalequationsare seenas an expressionof the ideathata Markov process,going from r, to
r~,mustpassthroughsomeof the possibleintermediatepositionsat the intermediatetimes, the relations(5)
and(6) are generallyconsideredasa form of theoppositestatementi.e. in quantummechanicsonly thecom-
plex amplitudescanalwaysbeadded,asin (2) and(4), butnot, in general,the probabilities.Moreprecisely,
if a particletravelsfrom r1 to r~,we cannotthink of it as beingsomewhere,with a givenprobability, at inter-
mediatetimes,unlessweverifyour statementsby measuringthe intermediatepositions.Indeedsincewe know
thatsuchmeasurementswould changethestateof our system(so that (7) and(8) will beverified) a number
of quantumeffects, like interferences,will be lost. It is clearthat in this situationit is very difficult to speak
of a trajectorybetweenr~and r~.

Let usillustratetheseideasby meansof a simplified two-slit experiment,i.e., supposewehavea screen,with
two holes locatedin z1 and z2, betweena sourceof particlesanda detectorin r, andaskfor the probability
densityof the detectedparticlesin the following threesituations:

(1) hole 1 open,hole 2 closed;
(2) hole 1 closed, hole 2 open;
(3) hole 1 open,hole2 open.
From the Greenfunction of the free Schrödingerequation[41we have

3/2
I m \ Iim(r—r’)

2
K

0(r, I; r’, 1’ ~2mih(I—t’)) exp~h 2(1—I’) (12)

andwe cancalculatethe respectivewave functions:

1)(r, 1) =K0(r, I; r1 , I~) ~ (r, I) =K0(r, 1; r2, t~)

w”’
2~(r,t)=C

1K0(r,t;r1t1)+C2K0(r,t;r2,I1), (13)

where I C1 2 + I C212 = 1, andverify that the probabilitiesdo not add,i.e. that

Iw”’
2~(r,1) I2~IC

1 I
2Iw”~(r,1)12+ IC

2 12, (14)

thedifferencebeing in theinterferenceterms.On the otherhand,in a classicalsituation,characterizedby the
fact that a particleis alwayscoming from oneof the two holes evenwhenthey are bothopen,from (7) and
since

p~~(r)=ö
3(r—r

1), p
t2~(r)=ô3(r—r

2)

p~’
2~(r)=a

1ô
3(r—r

1)+a2ö
3(r—r

2), (15)
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wherea1+a2=l,a1>0,a2>0,we would have

‘~(r,I) =P(r, I; r1 , t~), ~(

2) (r, I) =P(r, I; r
2, t~)

p
t l,2) (r I) =a

1P(r, t; r1 , t~)+a2P(r, I; r2, t~)—a1p~(r, I) +a2p~
2~(r, I) , (16)

so thatprobabilitieswould add.The strikingcontrastbetweenthe two descriptionsof the case(1), (2) is the
basisof the quantummechanicalrejectionof the ideathat particlescome eitherfrom onehole or from the
otherand,by extension,of the ideathatparticlesfollow non-directlyobservedpathswhenthey travelfrom r~
to rf. As a consequenceFeynman’sformula giving the Greenfunctionsas a pathintegral [41,namely

K(r~,tf; r,, t~)=Jexp(~J ~[dr(t)/dI, r(t), I] dl) D[r( )], (17)

with the usualmeaningof the symbols,is only a formal additionof complex amplitudesandnot the sumof
probabilitiesfor pathsandhencecannotbe derivedalong a trueprobabilistic line of reasoning.

Sincewe nowknow thatstochasticmechanics[3], i.e. atheorybasedon theideathatparticlesfollow random
trajectoriesin spaceandtime, cansimulateall the known quantumresultsby meansof stochasticprocesses
~(I) which aresolutionsof stochasticdifferential equationsof the form

dc~(t)=v(+)(~(I),I) dI+dfi(I) , (18)

wherefl(I) is a Wienerprocess(with diffusion constantv=h/2m) it is importantto point outthat thereare
two different interpretationalschemesof (18) leadingto completelydifferent results [5]:

(I) We canconsiderv
1 ~ asa givenfield and~( I) as a completedescriptionof the stateof the system.In

this case,which is a stochasticgeneralizationof classicalmechanics,we obtain Langevin-typeequationsand
a dissipativedynamicsthat cannotreproducethe quantumeffects.

(II) Wecanassumethat~( I) doesnot containall the informationaboutthestateof our system,but is only
a sort of configurationalvariable, the restof the information being storedin the form of V( +) which now is
not given,but plays the roleof an additionaldynamicalvariablewhosevaluesmustbe determinedby means
of a variationalprinciple [2]. As we shall now show,this case,which correspondsto stochasticcontrol theory
[6], leadsdirectly, by meansof a suitablechoiceof the Lagrangian,to a perfectreproductionof thequantum
results.

In this stochasticinterpretation,to a quantumsystemdescribedby (1) we canassociateanentirefamily of
processes,one for everystate,in the following way: we fix a solution of (1) andthen we calculate

v(+)(r,t)=2VVW(+)(r,t) (19)

where

W(+)(r,I)=ln{R(r,I)exp[S(r,t)/h]}, yi(r,t)=R(r,I)exp[iS(r,I)/h], (20)

which determinesthe form of (18). Thenwe fix the initial condition

(21)

by determiningthe randomvariable~ from the initial probabilitydensity I W(r, I~)12. Theuniquesolution [7]
of (20) and (21) will be the processassociatedto our quantumsystemin the state it’. Of coursea different
~,uwill determinea different process.Notethat, sinceany initial wavefunction w~(r) determinesw( r, I), I> Ii,

through (1), we cansay that the knowledgeof p1(r) will be enoughto determinethe process~(I).

The dependenceof the process~( I) on the stateis also apparentfrom the remarkthat, if through (20) we
separate(1) into

ô,R
2+V(R2VS/m)=0, (22)
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t3,S+ m(VS)2 ~ + V=0, (23)

and thenwe castthe continuity equation(22) in the form of a forward Fokker—Planckequationfor p=R2,
and v~÷~given in (19), namely

ôtp=—V(pv(÷))+vV2p, (24)

we notethatV(+), andhencethe formof relation(24),dependson thesolutionp,andactuallyon thecomplete
wave functionw. Hencealso thetransitionprobabilitydensitiesP(r, I; r’, I’), which are solutionsof (24) with
the initial condition(11), will also dependon the choiceof the statew. Notethat, for a given w~p andPare
differentsolutionsof the same(24) correspondingto the initial conditions (10) and (11). Hence,while p
coincideswith I w 12, P doesnot [2].

Let us now rediscussthe two-slit experimentin the light of theseremarks.From the wave functions (13)
we determinethestochasticprocessesandthe transitionprobabilitydensitiescorrespondingto everysituation
by solving (24) with the appropriateform of V(+) calculatedfrom (19). WethusgetPt’~(r,I; r

1, t~)p~
2~(r,

1; r
2, l~) and,in the case(1,2), pp.

2) (r, I; r
1, t~)and~ (r, I; r2, t~)�P~’.

21(r, I; r
1, Ii); but of coursewe

shouldbearin mindthat nowp~)(r, I; r1, I~) ~P~~
2>(r, I; r

1, I~) andp(
2) (r, I; r

2, t~)�P
t”2~(r, I; r

2, I~) since
theyare derived,in different physicalsituations,from different wave functions.Moreoverthe fact that sto-
chasticmechanicsreproducesthe quantumresultsmeansthat

Iw”~(r,t)I
2=P~’~(r,t;r

1,I~), Iw~
2~(r,I)I2=Pt2~(r,I;r

2,I~)

I w”’
2~(r,1)12=1C

1 I
2P”’2~(r,I; r

1, t~)+ C2 I
2P”’2~(r,I; r

2, I~) , (25)

becauseour P’s areclassicalprobabilities andsatisfy relations(7) and (8). Theinterferencepatternis thus
the sumof the appropriatetransitionprobability densitiesfrom slit (1) andslit (2). Theimportantpoint is
that in (25) P(1,2) (r, t; r1, t~)andp (1,2) (r, I; r2, l~)are no morethe squaremodulusof a wave function.Of
courseherethe interferenceeffectscanbeseenasincorporatedin the form of theV( +) deducedfrom ~ (1,2) (r,
I). In otherwordsstochasticmechanicspointsout the fact thatwe canalwayscalculatesuitableconditional
probabilitiesthatcannotbe calculatedin theusualquantumformalism: a fact thatwill be discussedin asub-
sequentLetter.

In orderto stressoncemorethe differencebetweenthe two pointsof view,wewill show now how, in asto-
chasticmechanicalcontext,we cancalculateall thetransitionprobability densitiesby meansof pathintegrals.
We will thusgetan expressionsimilarto (17), butnow it will be obtainedby superposingrealtrajectories,in
a trueprobabilisticderivation,sothat in generaltherewill be no correspondingquantumcalculationmadeby
meansof the squaringof a wave function.

To show this let us first remembersomewell known results [7,8] of the theoryof the stochasticprocesses
concerningthe attributionof a probability measureto a trajectoryspace.By definition if q (1), InT = [Ii, If),
isa processona probabilityspace(O,/, P), thesetof its trajectoriesis theset R

3Tof all functionsr( ): T—LR3.
If r={1

1, ..., t,~},aA1 X...XA~with IKE [ti, If], AKe~l(l~
3)for K= 1, ..., n and

C
1(A)={r( ): r(t)eA} ; IeR,Ae,~(F

3)

the cylindersets with ann-dimensionalbasis

Cr(a)fl CtK(AK)

arethesubsetsof R3Tcontainingall thetrajectoriesgoingthroughthe“three-dimensionalwindows”A~at times

tK~Thenif ~ (R3T) = y( ~‘) is the minimal ~-a1gebracontainingthe set cf of all thecylinderswith a finite di-
mensionalbasis,thecouple(R3T, ~ (R3T)) will be the measurablespaceof all thetrajectoriesof an arbitrary
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process,namelythetrajectoryspace.On this tPajectoryspaceeveryprocessq(I) inducesa probabilitymeasure
P,

7 which is firstly definedon c~’by meansof P, i.e.

P,7(C~(a)) =P(q(11)eA1 q(r~)eAr)

and thenextended,by meansof additivity andcontinuity, to .~ (R
3T). Of courseevery differentprocesswill

definea differentprobabilityon thesametrajectoryspace.Forinstancethe Wienerprocessfi(I) of (18),char-
acterizedby a transitionprobability density

P~(r+i~r,I+~I; r, I) = (4itvi~t) 3/2 exp[ — (z~r)2/4vAI] for&>0, (26)

defineson (R 3T; .~ (R3T)) thewell-knownWienermeasureP~by extensionofthe followingconditionalprob-
abilitieson ~:

Pw(Ct(a)Ifi(1i)=ri)=J ...j’ P~(r
1,I~ r1, I~)Pw(r2, 12; r1, I~)...Pw(rn, I~ r~i,rn_i) d

3r
1 ... d

3r~

Theothermeasuresthat wewill considerare definedby the solutions~(1) of (18) with the initial condition
(21). Of course,for everydifferent w~or v~~, we will get a differentprocessandhencea differentprobability
P~(I ~) on thetrajectoryspace.In particulartheprocess~ (t) = ~ + fi( I) — fl( Ii), correspondingtoa V( ~) iden-
tically zero,will definea conditionalprobability coincidentwith the WienermeasurePw( I ~). Moreoverall
theseprobability measuresare connected:If P

1 andP2 are definedby the solutions~ (I) and ~2 (I) of (18)
correspondingto two different v~~ andV~i), but to the sameinitial condition, a theoremdue to Girsanov
statesthat P2 is absolutelycontinuouswith respectto P1 and that, if öv(±)=v~?)~ the corresponding
Radonderivativetakesthe form

[~~( )]=exp(U[~1( )]), (27)

wherethe functional U is definedby an Ito stochasticintegral:

U[~0( )]= ~ J~V(+)(~(t), I)dp(I)— ~ J [~v~(~(I), j)]2 dl. (28)

Whenin particular~jt) =~~(t)we have

U[~0( )] = ~ JV(~)(~O(I), I)dfi(I) — ~ J [v~(~o(I), I) j2 dl (29~

andthe expectationvalueof an arbitraryrandomfunctionalF[~( )] canalwaysbe calculatedby meansof
the Wienermeasureinducedon the trajectoryspaceby ~o(l): i.e.

E(F[~( )] I~)=E(F[~0( )] ~ )) ~ (30)

WhenV( +) is a gradient,as shownin (19) for stochasticmechanics,the Ito differential formula andthe re-
lations (22) and (23) imply a further simplification of (29) containingno Ito integrals [10]:

(1

1 h
2V2R

U(~
0( ))= W~(~0(I~),If)— W(+)(~o(t~),I~)+~ $ (m R — v) (~~(l), 1) dl. (31)

It is possiblenow to derive,from this classicalprobabilistic formulation, a path integralexpressionfor the
transitionprobability densitiesof the stochasticmechanics.If
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JA(r( ); I)= 1 , r( )nC,(A)

=0, r( )4C1(A)

In [I,, If), An~/J(l~
3)

is the indicator functional of the one-dimensionalcylinder C,(A) in R3T, from (30) we have

5 P(rf, If; r,, t~)d3rf=P(~(If)nAI~=r
1) =E(JA[~( ); If] I~=r1) =E(JA[~( ); If] e~’~°

t~ I~=r
1).

We cannow calculatesuccessiveapproximationsof thisprobability by meansof a successionof partitions{I~,

In}, nnLN, of [Ii, If], with
tO=tj, l~=I~and

IK+iIK~-1~I>O, K=0,l,...,n—1,n,

andthecorrespondingrestrictionsof the Wienermeasureto C~(a),r{1
1 In},a=P

3X...XF3xAl~3nXA,
so that we have

JP(rf,rf;rj,tI) d3rf~JPw(ri,ti;rI,Ii)d3r
1 ...JPw(rn_1~In_I;rn_2~Ifl_2)d3rn_I

xJ PW(rf, If; rn_i, In_i) d
3rfexp[ U~(r

1,r~,..., rf)] =5 P~~(rf,I~r~,I~) d
3rf, (32)

where

n—I i n I
~ 1’(+)(rK,tK)ESrK—— ~ [v(+)(rK,tK)]21~I

~ 4VK,0

is the approximationto U[r( )] calculatedalong a pathsuchthat r(IK)=rK; K=0, 1, ..., n (r
1=r0, rf=rn),

and /~rK=rK÷1—rK. Now, from (26) and(32) we have

~ (33)

Wheneventuallyn—*i~,we get p(n) —~Pandthis statementis condensedin the following path integral,

P(rf,If;rl,Ii)=Jexp[_~_(~~_v(+)(r(I)~I))dt]D’[r( )], (34)

whoseexactmeaningis the fact thatP is the limit of (33) where n—~~. The expression(34), derivedin a
numberof papers[9] in a differentway, despitea formalanalogywith (17), is a trueprobabilisticstatement,
astheformerderivationshows.Moreovera comparisonof (17) and(34) showsalsothat,asremarkedbefore,
while K is determinedonly by the dynamicsof the system,P dependson the statethroughthe form of v~~.

In conclusionwecanremarkthat the existenceof quantuminterferencescanno morebeseenasanabsolute
obstacleto the existenceof particletrajectories.This, of course,couldbe expectedsincestochasticmechanics
simulatesthe quantumbehaviour,but is alsoessentiallybasedon theideaof trajectoriesin spaceandtime.
In fact wehaveshownexplicitly that it is possibletocalculatesuitablerealpositivetransitionprobabilitiesthat
canbe addedtogetherto havethe interferencepattern.It canthusbe saidthat in a wave function yi thereis
more information than thatwhich canbe calculatedby meansof the usualquantumformulas. For example
in (34) we wereableto calculateP(rf, I~r, I~)in a generalsituationwhereno quantummechanicalanalogs
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exist. Theparticularmeaningof this result for the conceptof conditionalprobability in quantummechanics
will be discussedin a subsequentpaper.

Theauthorwantsto thankProfessorsJ.P.Vigier andF. Guerraforenlighteningdiscussionsandsuggestions.
He also wantsto thank the Italian INFN for a grantwhich madethis researchpossible.
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