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Abstractz� In this paper we analyze the idea that arbitrary probability densities� solutions of the classical evolution

equation associated by the Nelson stochastic mechanics to the quantum mechanics� always relax in time toward the

quantum mechanical density j�j� derived from the Schr�odinger equation� The analysis of a few general propositions

and of some physical examples show that the choice of the Nelson stochastic �ux is correct for a particular class

of quantum states� but can not be adopted in general� This indicates that the question of the time relaxation of

the solutions of the Kolmogorov equation associated to a quantum wave function toward the quantum densities is

physically meaningful� even if a classical probabilistic model good for every quantum state is still not available� A

few suggestion in this direction are �nally discussed�

It has been known since longtime��� that the Schr�odinger equation
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can be analyzed in terms of the real functions R�r� t� and S�r� t� with
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where R��r� t� � j��r� t�j� is interpreted as the density of a �uid with stream velocity

v�r� t� �
rS
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� ���

The equation ��� expresses the conservation of the �uid while the equation �
� plays the role of a
Hamilton�Jacobi equation for the velocity potential S in the presence of a quantum potential
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which depends on the form of the wave function� It is important to remark now that
 if we de�ne

v����r� t� �
rS
m
�
�h

�m

rR�

R�
���

the continuity equation ��� takes the form

�tR
� �

�h

�m
r�R� �r�R�v���� ���

so that R� can always be considered as a particular solution of the evolution equation of the pdf�s
of a Markov process �forward Kolmogorov equation�

�tf � �r�f �r�fv���� ���

characterized by the velocity �eld v��� and by a di�usion coe�cient

� �
�h

�m
� ���

This points out a possible connection between the density R� of the Madelung �uid and the pdf of
a suitable Markov process describing the random motion of a classical particle� However it must
be remarked here that this connection looks purely formal
 since
 for exemple
 while for a given
v��� we can determine an in�nity of solutions of ��� �one for every initial condition f�r� �� � f��r��
which are pdf�s of Markov processes
 the quantum mechanics is characterized by the selection of
just one particular solution f � R� among all the possibilities� In fact it must be emphasized
that R� and v��� are not independent� they are both derived from a � solution of �	� and hence
are locked toghether by their common origin� In other words� not every couple of f 
 solution of
���
 and v��� can be considered as derived from the same solution of the Schr�odinger equation �	�
through the relation ��� and f � R��

A more convincing connection between quantum mechanics and classical random phenomena
was achieved only later by means of the stochastic mechanics���� here the particle position is
promoted to a stochastic Markov process ��t� de�ned on some probabilistic space ���F �P� and
taking values �for our limited purposes� in R�� This process is characterized by a pdf f�r� t� and
a transition pdf p�r� tj r�� t�� and satis�es an It�o stochastic di�erential equation of the form

d��t� � v���

�
��t�� t

�
dt� d��t� �	��

where the velocity �eld v��� plays the role of a dynamical variable
 namely it is not given a priori

but it is subsequently determined on the basis of a variational principle� ��t� is a Brownian process
independent of � and such that

Et
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�
d��t� d��t�

�
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where d��t� � ��t�dt����t� �for dt 	 ��� � is the di�usion coe�cient� I is the ��� identity matrix�
and Et is the conditional expectation with respect to ��t�� We know that under fair analytical
conditions on the velocity �eld v���
 the solution of �	�� exists and is unique if we supplement our
equation with the initial condition ���� � ��� moreover the pdf of the process satis�es the evolution
equation ��� associated with the initial condition f�r� �� � f��r� if f��r� is the pdf of ��� Moreover
every other solution of ��� �which satis�es the boundary and the non�negativity conditions to be
a pdf� is propagated from its initial condition f��r� following the prescription

f�r� t� �

Z
R�

p�r� tj r�� s�f�r�� s� d�r� � �t 	 s� � �		�

�



since the transition pdf�s play the role of the Green functions and are the solutions of ��� which
satisfy �in the sense of the distributions� the initial conditions

p�r� tj r�� ��� 
�r� r�� � �t� ��� � �	��

A suitable de�nition of the Lagrangian and of the stochastic action functional for the system
described by means of the dynamical variables f and v��� allows us to select
 by means of the
principle of stationarity of the stochastic action
 the particular processes which simulates the
quantum mechanics� More precisely the selected processes will have a drift velocity

v � v��� � �
rf
f

which
 as required in ���
 is always the gradient of a particular function S�r� t� solution of �
� with
R �

p
f � Moreover it is possible to show that from f and S selected in this way we can always

build a wave function
��r� t� �

p
f�r� t� eiS�r�t���h

which satis�es the Schr�odinger equation �	�� In this formulation the foundations to interpret
R� as a particular solution of a Kolmogorov equation for the pdf of Markov processes are well
established� Of course we pay this by abandoning the idea of deterministic trajectories even if the
stochastic mechanics keeps intact the description by means of continuous trajectories in space�time
and recovers the paths as averages on the stochastic trajectories� However
 as for the equation ���

for a given v��� just one solution of the equation �	�� �selected by a suitable initial condition� can
in fact be interpreted as a Nelson process
 since all the other solutions dos not satisfy the principle
of the stationarity of the stochastic action� This confronts us with the problem of explaining what
to do with all the other solutions of the classical stochastic di�erential equation which do not �t
the requirements to be interpreted as a Nelson process for a given v���� In this paper we will
analyze the idea that for every quantum wave function � it exists a stochastic �ux
 described by a
family of transition pdf�s p�r� tj r�� s�
 such that� a� the quantum pdf j�j� is correctly propagated
by p� b� every other pdf propagated by p approximates
 in a suitable sense
 the quantum pdf
j�j� for t � ��� In particular we will examinate if and how the solutions of ��� selected by the
stochastic mechanics to reproduce the quantum predictions attract other solutions which do not
satisfy the stationary stochastic action principle and hence can not be considered as describing
quantum systems ruled by the Schr�odinger equation �	��

In what follows we will limit ourselves to the case of the one dimensional trajectories
 so
that the Markov processes ��t� considered will always take values in R� Since the set of all the
probability density functions �pdf�s� coincides with the set D of all the non negative functions f�x�
of norm 	 in the Banach space L��R� with norm

kfk �
Z ��

��

jf�x�j dx �

the time dependent pdf f�x� t� of our stochastic processes ��t� will be considered as trajectories
on this subset D� For Markov processes the transition pdf�s p�x� tj y� s� classi�ed by means of the
initial condition ��s� � y �with s � t� are particular trajectories� In D we can then introduce a
metrics induced by the norm in L��R��

d�f� g� �
	

�

Z ��

��

jf�x�� g�x�j dx �

Here the factor 	�� guarantees that we always have � � d�f� g� � 	� the value 	 is attained when
f and g have disjoint supports
 and the value � when they coincide� In this framework we will say
that the pdf f�x� t� L��approximates the pdf g�x� t� �for t� ���
 and we will write

f�x� t�
L�� g�x� t� �t� ��� �

�



when d�f� g�� � �t� ��� � In particular we will say that f L��converges toward g �for t� ���
if the pdf g�x� does not depend on the time t� If the stochastic processes ��t� under examination
are Markov processes �as happens in stochastic mechanics� satisfying the stochastic di�erential
equation �	�� with initial condition ���� � ��
 their pdf will satisfy the one dimensional evolution
equation

�tf�x� t� � ���xf�x� t�� �x
�
v����x� t�f�x� t�

�
� �	��

with the initial condition f�x� �� � f��x� if f��x� is the pdf of ���
It is now possible to show��� that if f and g are solutions of �	
�
 the distance d�f� g� is

a monotonic non�increasing function of the time t� Of course this is not enough to derive the
consequence that this distance actually decreases
 let alone the the fact that it is in�nitesimal
when t � ��� However this property is su�cient to prove that
 since d�t� is a monotone and
bounded function of t
 the limit of d�t� for t � �� always exists and is �nite� However
 if we
say that the family of the transition pdf�s p�x� tj y� �� L��approximates the pdf g�x� t� in a locally
uniform way in y �y � l�u�� for t� ��
 and we will write

p�x� tj y� �� L�� g�x� t� y � l�u� �t� ��� �

when for every K 	 � and for every 
 	 � we can �nd a T 	 � such that d�p� g� � 
 for every
t 	 T and for every y such that jyj � K
 it will be possible to show��� that
 if the transition pdf�s
p�x� tj y� �� L��approximate y � l�u� the pdf g�x� t� for t � ��
 then every f�x� t� solution of the
evolution equation �	
� L��approximates g�x� t� for t� ��� In fact it is also possible to show that
if the transition pdf�s L��approximate y � l�u� an arbitrary pdf g
 then d�f�� f�� � � �t � ���
for every f�
 f� solutions of �	
�� This means in particular that in the above stated conditions all
the solutions of �	�� globally tend to L��approximate one another after a su�ciently long time�
Vice�versa
 if we can �nd two solutions f� and f� of �	�� such that d�f�� f�� is not in�nitesimal for
t� ��
 then no pdf g can be L��approximated y � l�u� by the family of the transition pdf�s p�

We will discuss now our particular examples for systems reduced to a single non relativistic
particle with a mass m
 by remembering that the connection between the quantum mechanics and
the stochastic mechanics is guaranteed if the di�usion coe�cient and the Planck constant satisfy
the relation ���� Since we will also consider quantum mechanical examples for non�stationary �time
dependent� wave functions and velocity �elds it will be useful recall that��� if the velocity �eld of
the evolution equation ��� has the form

v����x� t� � ��b�t�x� c�t��

with b�t� and c�t� continuous functions of time
 then the fundamental solutions p�x� tj y� �� are
normal pdf�s N ���t�� ��t�� where ��t� and ��t� are solutions of the equations

���t� � b�t���t� � c�t� � �� ���t� � �b�t���t�� �� � � �	
�

with initial conditions ���� � � and ���� � y�
Let us consider �rst of all a simple harmonic oscillator with elastic constant k and classi�

cal �circular� frequency � �
p
k�m and three possible wave functions obeying the Schr�odinger

equation� the �stationary� wave function of the ground state

�� �

�
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the �stationary� wave function of the �rst excited state
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and the �non stationary� wave function of the oscillating coherent wave packet with initial dis�
placement a

�C �

�
	

����

���	

e��x�a cos�t���	���i
�	ax sin�t�a� sin ��t�������t���

where we have de�ned �� � �
� � We then �nd for the quantum mechanical probability densities
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C�x� t� � fC�x� t� �

e��x�a cos�t������

�
p
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and for the corresponding velocity �elds

v�����x� t� � ��x
v�����x� t� � ��

���
x
� x

�

�
vC����x� t� � ��x� �a�cos�t� sin�t� �

This means that f� and fC are respectively of the form N ��� ��� and N �a cos�t� ���
 and that the
fundamental solutions of the corresponding evolution equation �	�� can be calculated by means of
�	
� with

b��t� � � � c��t� � �

bC�t� � � � cC�t� � ��a�cos�t� sin�t�
so that p��x� tj y� �� and pC�x� tj y� �� will respectively be the normal pdf�s N

�
���t�� ���t�

�
and

N ��C�t�� �C�t�� where
���t� � ��

�
	� e���t

�
� ���t� � ye��t

�C�t� � ��
�
	� e���t

�
� �C�t� � a cos�t� �y � a�e��t �

For the �rst excited state
 let us remark that the velocity �eld v���� is no more linear in x so

that the equations �	
� does not hold� However the transition pdf can still be calculated in a
closed form by means of an othogonal polynomial expansion� since the velocity �eld v���� presents

a singularity in x � � the real axis will be e�ectively separated in two �positive and negative�
semiaxis� As a consequence we are obliged to solve the evolution equation separately in the two
semiaxis with boundary conditions imposed in x � � such that no transfer of probability would be
possible between the two sectors� The result of theis procedure is that the transition pdf will have
the form

p��x� tj y� �� �  
�

x

����

�
x

��t�
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� e
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where
��t� � ��

�
	� e���t

�
� ��t� � y e��t �

and  is the Heavyside function

 �x� �

�
	� if x � ��
�� otherwise�
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A second class of examples can be drawn from the wave functions of a free particle of mass
m� In particular we will choose to examinate the behavior of the �non stationary� wave function
of a wave packet of minimal uncertainty centered around x � � with initial dispersion �� 	 ��

�F �x� t� �

�
	

�������t�

���	

e�x
��	��	�t�

where ��t� � 	 � i�t � � � ���� � In this case we have from ���

R�
F �x� t� � fF �x� t� �

e�x
�����
��t�

p
�����t�

where ��t� � j��t�j � p
	 � ��t� � This means that fF is normal of the form N ��� �����t�

�
�

moreover we get from ��� the velocity �eld

vF����x� t� � �
	� �t

	 � ��t�
�x

and the fundamental solutions of the corresponding evolution equations �	�� can then be calculated
by means of �	
� with

bF �t� �
	� �t

	 � ��t�
� � cF �t� � � �

As a consequence pF �x� tj y� �� is a normal pdf N
�
�F �t�� �F �t�

�
where

�F �t� � y
p
	 � ��t�e� arctan�t

�F �t� � ���	 � ��t��
�
	� e�� arctan�t

�
�

If now we calculate��� d�p�� f��
 d�pC � fC� and d�pF � fF � we will �nd that �y � l�u�� p�
L�� f�

and pC
L�� fC �t � ��� in the examples drawn from the harmonic oscillator
 but that pF will

not L��approximate fF since d�pF � fF � turns out to be di�erent from zero and still dependent on
y in the limit t � ��� For example
 if y � � �so that both pF and fF will remain centered
around x � � along all teir evolution� we get d � ���		 in the limit t � ��� It is also possible
to show that in this case two transition pdf�s with di�erent initial conditions y 	� y� will never
L��approximate one another as t� ��
 since

d
�
p�x� tj y� ��� p�x� tj y�� ���� �!

� jy � y�j
�
p
e� � 	

�
� 	

which is zero if and only if y � y�
 so that every solution of the evolution equation �	�� L��
approximates the quantum mechanical pdf �for t � ��� only in the examples of the harmonic
oscillator but not in that of the free particle� As for the case of the �rst excited state
 the analysis of
the transition pdf p� shows that the node of the quantum pdf in x � � constitutes an impenetrable
wall and hence that there is an in�nity of equilibrium solutions
 the quantum pdf f� being just the
most symmetrical one� In fact it is easy to show that every solution of the form

f
 � "���x� f��x� � �� � � � ��

with

"���x� � � �x� � ��� �� ��x�

�



are equilibrium solutions of the evolution equation with v���� as velocity �eld� The quantum pdf

corresponds to the case � � 	 and it can be shown that
 starting with an initial pdf fi�x�
 the
asymptotic form of the pdf has the form f
 where

� � �

Z ��

�

fi�x� dx

and hence is not in general coincident with the quantum pdf f�
 unless � � 	�
It is apparent from our examples that the Markov processes associated to a wave functions

by the stochastic mechanics do not always exhibit the property of a global relaxation in time of
the pdf�s toward the quantum mechanical solution� The fact that the Nelson transition pdf�s do
not always L��approximate one another also means that it is impossible to �nd a unique pdf g
L��approximated by them independently from y
 and hence that the solutions of �	��
 at least
in the cases of wave functions with nodes and of the free particles
 will not in general tend to
L��approximate one another in time� Of course nothing forbids a priori
 even in this case
 that
particular subsets of solutions can show the tendency to mutually L��approximate and hence the
�eld is open to investigations about
 for instance
 the possibility that some particular solution of
�	�� can be stable with respect to small perturbations of their initial conditions� In any case our
examples show that
 at least a signi�cant set of systems and wave functions �that for stationary
states without nodes� correctly relaxates in time toward the quantum pdf� It is not possible at
present to state clearly and in a general way in which cases we realize the conditions for a global �or
at least local� mutual L��approximation of the solutions of �	��� The examples discussed seem to
indicate that the discriminating property is not the stationarity of the quantum mechanical wave
function since also the square modulus of the non stationary
 coherent
 oscillating wave packet
of the harmonic oscillator attracts in L� every other solution of �	��� Even the main di�erence
between two systems
 namely the fact that their energy spectra are very di�erent �the harmonic
oscillator has a completely discrete spectrum and the free particle a completely continuous one�
seems not to be relevant since the calculations about the case of harmonic oscillator stationary
states with nodes indicates that
 strictly speaking
 even in this case there is no convergence to the
quantum stationary pdf�s�

However it must be pointed out that in this paper we have made the very particular choice
of selecting the transition pdf�s of the Nelson stochastic mechanics as a good candidate to the
generation of the right stochastic �ux
 so that another possible conclusion could also be that the
Nelson �ux is not the right one� Hence we consider wide open the possibility that the right transition
pdf�s can be built in a di�erent way� For example it is well known that in the Nelson stochastic
mechanics the di�usive part of the stochastic di�erential equation �	�� is given a priori� since the
transition pdf which propagates a given time�dependent pdf f�r� t� is not uniquely determined
�and is not
 in general
 observable in the stochastic mechanics�
 nothing forbids to �nd a di�usive
�ux
 di�erent from that of Nelson
 which exhibites the required approximation property for every
possible quantum wave function� In particular a possibility lies in a generalization of the stochastic
mechanics where also the di�usive part of the stochastic di�erential equation ruling the process is
dynamically determined in a way such that the approximation property is always satis�ed� A few
calculations with ad hoc chosen time dependent di�usion coe�cients show that this is
 at least in
principle
 possible� For example
 if we suppose that

��t� � �N #�t� � ��N � �h��m�

the evolution equation will take the form

�tf�x� t� � ��t���xf�x� t�� �x
�
v����x� t�f�x� t�

�
�

and
 for the case of the minimum packet �F of a free particle
 we will have

vF����x�t� � �b�t�x

�



with

b�t� �
#�t�� �t

	 � ��t�
�

so that pF �x� tj y� �� � N
�
��t�� ��t�

�
where

���t� � b�t���t� � c�t� � �

���t� � �b�t���t�� ���t� � �

with initial conditions ���� � � and ���� � y� In particular
 if #�t� � ��t�	 �so that ���� � �N �
we get

��t� � y
e� arctan�t

p
	 � ��t�

��t� � ��

�
	 � ��t� � e

�� arctan�t

	 � ��t�

�
�

On the other hand
 if #�t� � ��t� � �t� 	 �so that we still have ���� � �N � we get

��t� � y e��t

��t� � ��
�
	 � ��t� � e���t

�
�

In both cases ��t� � � �t � ��� and ��t� asymptotically behaves exactly like the quantum �F 


so that we have pF
L�� fF 
 y � l�u�
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