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On the series of Fermi random variablese

SUMMARY: In the computer simulations of random acoustic signals to be recognized by
neural networks the amplitudes of the partial vibrations are extracted from a Fermi distribution.
This kind of distributions, well known in the physical literature, seems not to have received much
attention in the specifically probabilistic one. In this paper a few propositions are proved which
are useful, for example, to discuss the convergence of series of random variables with distributions

of the Fermi type.

Sulle serie di variabili aleatorie di Fermi

SUNTO: Nella simulazione su computer di segnali acustici aleatori, prodotti per il riconosci-
mento da reti neurali, le ampiezze delle vibrazioni parziali vengono estratte sulla base di una
distribuzione di Fermi. Questo tipo di distribuzioni, ben noto nella letteratura di carattere fisico,
non sembra aver ricevuto molta attenzione in quella piu specificamente probabilistica. In questo
lavoro vengono dimostrate alcune proposizioni utili, ad esempio, per discutere la convergenza di

serie di variabili aleatorie con densita del tipo di Fermi.

1. - INTRODUCTION

In a few recent papers about the detection of a pitch in acoustic signals by neural networks (see
[3] and [4]) it has been pointed out the necessity of producing random signals in order to simulate
the realistic acoustic environment to be used in the training of the network. These signals, be they
either tones (with a pitch) or noises (without a pitch), are simulated by giving their discretized
Fourier transform. For example, to characterize the set of all the periodic signals we can consider
their representation by means of a trigonometric Fourier series. Of course, by considering all the

possible sequences {ry,, 0,}nen of coefficients (with r, > 0 and 0 < 6, < 2m) such that the
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trigonometric series

oo

Z Ty, cos (2mnvt + 6,)

n=0
converges (in a suitable sense) we will recover all the set of the realistic periodic signals. The
simplest sufficient condition on the coefficients which guarantees that the trigonometric series

converges is
oo
E rn < +00.
n=0

On the other hand, since following the Ohm’s law (see for example [2], pag. 114) in a first
approximation only the amplitudes and not the phases are relevant for the pitch perception, these
conditions seem to embody the essential physical requirements for a useful simulation. If now we
want to pick up at random a periodic signal we can consider the stochastic process £(t) given by

the random trigonometric series
(1) £(t) =) & cos (2mnvt + ()
n=0

by substituting respectively the numbers r,, 8, with the sequence of independent random variables
&nsCn (6n > 0;0 < ¢, < 2m; Vn € N). To every sample of the random sequence {&,, (n}nen,
if the corresponding series converges, it is associated a periodic signal given by the sum of the
trigonometric series. Of course our problem will be now that of the characterization of the random
variables &,, (, in such a way that the series (1) be convergent (P — a.s.).

From the previous remarks it is clear that a sufficient condition for the convergence (P — a.s.)

of (1) is the convergence (P — a.s.) of > | &,, and a sufficient condition for that is the convergence

Z E¢, .
n=0

An interesting example can be given by assuming that each &, admits a Fermi density function.

of the series

We recall that a Fermi density is a probability density function of the form

A 1

ifx >
f(z) =4 In(1+er) 1+ ere—a)’ e 20
0, ifz <0

with cumulative distribution function
In (1 + ere=A7)
- ifzx>
F(z) = In(1+ere) 7 itz =20
0, ifz <0

where a > 0, A > 0 (see Fig 1 for an example of the Fermi density with a = 2 and A = 15). Since
these distributions, well known to the physicists (see for example [7]), seem to have received little
attention in the probabilitstic literature, we will prove now a few proposition useful to study the

convergence of series of Fermi random variables.



2. - SERIES OF FERMI RANDOM VARIABLES

First of all it would be very interesting to find precise conditions on the parameters of our
Fermi random variables which entail the convergence of the series (1). These conditions are be

spelled out in the following Theorem:

Theorem 1: Let {&,}nen be a sequence of Fermi random variables with parameters a, and \p;

among the four statements

(a) ZE(fn/\l) < 400,

neN

(b) > (an+ ;") < 400,
neN

(c) ZE§n<+oo,
neEN

(d) Z &n < +00 P-a.s.,

neN
the following implications hold: (a) = (b) = (c) = (d); if moreover the &, are independent,
also (d) = (a) holds so that the four statements are in fact equivalent.

To prove this Theorem we will need the estimates of the following Lemma:

Lemma 2: If ¢ is a Fermi random variable then
(I) it exists an universal real constant C > 0 such that EE < C(aV A71);
(II) when a < 1 we have

1 A2a? Al-a) ¢
E(EAL) > _toa)
(€A )_)\ln(1+e>‘”) ( 4 +/0 1+¢t dt

Proof: We remark first of all that E€ = A~!g(\a) where g is the following function defined on
[0, +o0[:

1 e t
= dt
9() In(1 + e®) /0 1+et—®

When £ — +oo we have for this function

1 [ t e 1 1 [®
g(a:)w—/ 7dt:/ du——/ a du,
x Jo l+et—= oo L e z J_ o l+e™

so that from the relations

e 1 1 [ U 1 [2? x
—du~uw, — —du~— %) =5
—oo L +e z J_1+e T \ 2 2

we immediately have g(z) ~ = — %:r = %:r Hence we can say that it exists a real number b > 0

(which of course is independent from the parameters of our Fermi random variable) such that

g(xz) <z for > b. If then m is the maximum of g(z) on the interval [0, b], we have

Be = mA~! if a\ < b;
" LA (a)) =a otherwise.
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As a consequence, our universal constant is C = m V 1 and the statement (I) is proved. The proof

of the statement (II) is in the following relations which hold for a < 1:

EEAL) > — 2 /1 S iz = ! /A A
“In(l+e*) Jo 1+eMz—a) m_)\ln(l—l—e“)‘) o l+evre “

! /aA L4 +/A t
Aln(1+er) \ Jy 1+ev2a “ ax 1+ euwAe “
1 Ay A u—a)
> —d ——d
= An(1 + e®)) (/0 2 u—l—/a)\ 1+ eu—ra Y

1 2242 A(l—a) ¢
+/ —dt| .
Aln(1 + ere) 4 0 1+et

This completes the proof of the Lemma [

Proof of Theorem 1: We observe that the implication (b) = (c) follows from (I) of Lemma
2, and that (¢) = (d) is trivial. Moreover the validity of (d) = (a) in the case of independence
is a well known result (see for example [6] Ch. III, §4) so that we are reduced to prove just the
implication (a) = (b).

If (a) holds, then E(£, A 1) == 0 and this also implies that &, RN 0, namely that

_ In(1+ M (@9

2 P(¢, = S :
(2) (&n > €) In(1 5 o) —0, Ve>0
As a consequence we can show now that

lim A, = +o0, lima, =0.

First of all the sequence {an}nen is certainly bounded: indeed, if {a,}nen is not bounded it
would contain a subsequence tending to +o0o and we could extract an infinite set H of integers
such that the sequence {Apan}nem has a (finite or infinite) limit. If then € > 0, we would have

An(@n — €) ~ Apa, for n — oo in H, so that it would follow from (2) that

glerr}ll P, >e) =1

which contradicts the convergence in probability &, £50. Now, if {\;,}nen does not tend to +oo
we could find an infinite set of integers J such that both the subsequences {a,}nes and {A,}nes

admit a finite limit, respectively a and A. If then € > 0, we would have from (2) that

ln(l + e)‘(“’f))

In(1 + ere) >0

mP(g, > ) =

which again contradicts the convergence &, 2. Finally, if the (bounded) sequence {an}nen

is not infinitesimal we could always find an infinite set of integers K such that the subsequence
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(an)nek converges toward a finite number a > 0. Hence, if 0 < € < a, from (2) and from the fact

that A, — 400 we could get

An
hm Pt >€) = iler?( An@n @

still in contradiction with &, 0.

Let us take now a real number ¢ > 0 such that

(3) In(1+e") < 2z, Vz>gq
and define
L={neN: \a, <q}, M={neN : \a, >q}, (LUM=N).

Since

D@+ A= (an+ A1+ D (an+A,Y

neN neL neM

<(1+4q¢! Z an + (1+q) Z)\ !
neM neL

to prove (b) we must only show that

> an < +o0, DA < 4oo.

neEM neL

The first statement follows from the remark that, since a,, — 0, we can always suppose, without
loss of generality, that a, < 1 for n € N so that from (3) and (II) of Lemma 2 we have
1 A2 a2 G

1) > ——— fnn — Tn
BnD 2 oy 1 8

To prove the second limitation, since A, (1 — ay,) —5 +00, we should just remark that for n — oo

in L (with L supposed an infinite set) it follows from (II) of Lemma 2 that

1 An(l=an) 3 1 too
n A1 —_— dt ~ dt.
E( )2 Ap In(1 +e‘1)/0 1+et An 1n(1+e‘1)/0 1+et

This completes the proof of the Theorem. [

This Theorem shows that it will always be possible to have (P — a.s.) convergent trigonometric
series when the sequence of the amplitudes {, }nen is constituted of independent Fermi random

variables with a suitable choice of their parameters.

3. - ESTIMATES FOR EXPECTATION AND VARIANCE

We will prove now a few results about the expectation and the variance of a Fermi random

variable.



Proposition 3: If £ is a Fermi random variable, we have

Bemar— (T 10w
T XIn(T ey \12 - VY )

— 1 3¢(3) 1 2 2
Ve et e [ TR0 - Esy (——Il(Aa)> ] ,

where
Ii(z) = /w 775 dt I(z) = /w 7):2 dt ¢(3) = E -
! o l+et ™’ ? o l+et ™’ k3

and ((-) is the Riemann (-function.

Proof: Since from the normalization integral and the change of variable t = A(z —a) we have that

LA /°° e 1 /°° dt
S In(l1+er) Jy 1+4erMe—a) In(1+ere) J_,, 1+et

we have also that

Be— 2 /oo A S 9/00 e Jri/oo o
S In(l+er) Jy 1T+erema) ™ In(T+ere) \ X J_\, 1+et A2 J_\, 1+et

TR /oo ! dt+/0 "
“ Aln(1+er) \J, 1+et o 1 t+et ’

Moreover, since (see for example [5], formula 3.411.3)

(4) /000 133_':6z do = (1— 2")C()Cw): Rev >0

and since (see [5], formula 9.542.1 and 9.71) I'(2) = 1 and ((2) = 7%|B2| = 7%/6, we get the first

relation
E{=a+ ! LW
T NI+ ere) \12 VY )

With the same change of variables, and taking (4) into account we have also that

A o x>
E¢ = d
¢ In (1 + ere) /0 1+ era—a) ™

—# a_z/ooi+2_a/oo ;dt_ki/oo idt
S In(14er) \ X, T+et X2 )\, 1+et A2, 1+et

PO S ) |, 1
=a +)\1n(1+e>‘a) 5 2al; (\a) + o\ +>\12(Aa) .

Hence the variance can also be calculated as

1 3¢(3) 1 2 2
=E¢ — (E¢)? = I S A | :
VE=EC - (BO) = Gareom [ R A ry s vy (12 1(Aa)
This completes the proof of the proposition. [



Since it is not possible to express the functions I; (z) and Iz(z) in terms of elementary functions,

it will be useful to obtain some estimates:

Proposition 4: For the functions Ii(x) and Is(x) defined in the Proposition 1, the following
inequalities hold ¥V x > 0:

2
—(1—-e®—ze ™) <Ii(x - <0,
( 2
3
—(2—-2e7% —2ze7% — 2% %) < Iy(x) — % <0;
moreover ¥n > 1 and Yz > 0, even the following inequalities hold
2n+1 —kz —kz 2n —kz —kz
1—e — kxe z2 1—e — kxe
k )k
Z (=1) k2 <h(z) - o Z k2 )
k=1
2n+1 —kz —kz 2,.2 —k:ac 3
2-2 — 2k —k*z
> (D) i <) - L
k3 3
k=1
2n
2 —2e kT _ fge kT — [2g2e ke
< 1)*
;( ) E
Proof: Since it is easy to see that V¢ > 0 and for n =0,1,2... we have
2n
L+e D) (ke =14 Gt 5
k=0
2n+1
(1 4 e—t) Z (_l)ke—kt —1— 6_2(n+1)t < 1’
k=0
the following inequalities hold Vz > 0 and for n =0,1,2.. .
2n+1 z 2n T
S (—1)k/ tetdt <Ty(z) < 3 (—1)k/ ]
k=0 0 k=0 0
2n+1 T 2n T
> (-1)’“/ e Mdt <Ty(x) < (—1)’“/ t2e M dt .
k=0 0 k=0 0
Then the inequalities of the Proposition follow by elementary integration. [

A consequence of Proposition 4 is the following Corollary which gives the expectation of a Fermi

random variable in terms of a series expansion (a similar result can be deduced for the variance):

Corollary 5: If ¢ is a Fermi random variable then its expectation has the form E£ = X~1g(a))

where
o0

_ 1 z? kl-{—kx ke
g(x)_x+ln(1+e“”) < 2+Z )

k=1




Proof: Since from Proposition 4 the quantity I; (z) — z2?/2 always falls in between the even and
odd terms of the sequence of the partial sums of a convergent series, it is immediate to recognize

that it coincides with the sum of that series:

—kx

T > 1—e — kxe ke

The result then immediately follows from Proposition 3 and the fact that (see for example [5],
formulae 9.522.2, 9.542.1 and 9.71)

S (1) = —50@) = -7

k=1

This completes the proof of the Corollary. [

We remark that as a consequence of the Corollary 5 we could immediately deduce the relation
g(z) ~ z/2 for © — 400 that was used in the proof of the statement (I) of the Lemma 2. Moreover
it is also possible to use the results of Proposition 3 and the inequalities of Proposition 4 in order
to get upper bounds for E£ and V&. As an example we will only make use of the simplest among
the inequalities of Proposition 4, even if in this way we will get only some very rough estimates.

More precise results can be obtained by means of the other inequalities.

Corollary 6: If ¢ is a Fermi random variable the following inequalities are always verified

1 2 1 2 2
E = v = .
5<a<2+/\2a2> ’ §<a (12+)\2a2+)\3a3>

Proof: Since In(1 4+ e°) > lne® = 5,¥Vs > 0, and (see for example [1], pag. 811) ((3) < 4/3,

taking into account the previous propositions we have:

1 w2
E{=a+ m (E — Il(/\a)>

7r A22 —Aa
<a{1 aln 1+e>‘“ <E— +1—e - Xae )}

1 22 12
=)< a{1+—w(2——2 )] =3+ a)

_ 1 3¢(3) 1 2 2
V¢ = N2 In (1 + era) l 5 + I(Aa) — (1 + ) <E —Il()\a)> ]

14
<a{ Aa ln 1+e>‘“

1
<X (1 + ere)

1 Aa® 1 [ Mat 1 2 2
— |2 - —ona? )| =a? (= .
< ¥a [ * 3 Aa < 4 “ >] “\2* A2q? * A3a?

This completes the proof of the Corollary. [
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