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The most elegant and promising solution of the so-called strong CP problem in 
Quantum Chromodynamics (QCD) was provided by Peccei and Quinn, adding a new 
global U(1)PQ symmetry. This is spontaneously broken at an energy scale fa, 
generating a new spinless particle, the axion. 

Axions

The axion can be copiously produced in 
the universe's early stages, both via 
thermal and non-thermal processes.

● Thermal axions with sub-eV masses 
contribute to the hot dark matter 
component of the universe, as 
neutrinos. 

● Axion-like particles produced non-
thermally, as for example by the 
misalignment mechanism, instead 
were postulated as natural candidates 
for the cold dark matter component. 

(see Ringwald’s talk)
Archidiacono et al. JCAP 1505 (2015) no.05, 050



For axion thermalization purposes, 
only the axion-pion interaction will 

be relevant. 

The axion particles are very 
similar to neutral pions, but their 

masses and interactions strengths 
are suppressed by a factor of 
order fπ/fa, respect to the pion 

case: 

where R=0.553±0.043 is the up-
to-down quark masses ratio and 

fπ=93MeV is the pion decay 
constant.

Thermal QCD Axions

Archidiacono et al. JCAP 1505 (2015) no.05, 050



An axion mass of about ma∼0.15eV is the 
minimum value allowed in this model, in 
which a thermal axion particle interacts 

with the pion. This mass corresponds to a 
decoupling temperature that approaches 
to the QCD scale, ΛQCD∼170MeV. In fact, 
when the temperature increases, being 
the axion interactions with gluons and 
quarks before confinement not enough 
efficient, the decoupling temperature 

jumps at very higher values. In between 
these two different regimes, before and 
after the QCD freeze-out epoch, there is 

a transition period, where the axion 
physics is still not known. On the 

contrary, for an axion mass greater than 
ma∼20eV, the hot axion population 

disappears, because the axion decay 
a→2γ is very fast with respect to the age 

of the Universe.

Thermal QCD Axions

Archidiacono et al. JCAP 1505 (2015) no.05, 050



Direct searches

Baumann et al., arXiv:1604.08614v1 

Constraints on the axion mass, where the current experimental limits are the solid regions, while 
future bounds are shaded. The ADMX microwave cavity experiment covers a well-motivated 

range of axion masses where they are natural candidates for the cold dark matter. At CERN, the 
CAST experiment has completed its original mission, opening the window for a next-generation 

axion helioscope, the International Axion Observatory (IAXO).



Baumann et al., arXiv:1604.08614v1 

The range of masses allowed by the hot thermal axion population can be, for the moment, only 
constrained by cosmology, in a nicely complementary way to the axion solar search.

Direct searches



Massive thermal axions will affect the cosmological observables in a 
very similar way to that induced by the presence of neutrino masses.

When axions are relativistic, will contribute to the dark radiation content of 
the universe, increasing the effective number of relativistic degrees of 
freedom Neff.

When they become non-relativistic, will only cluster at scales larger than 
their free streaming scale, suppressing therefore structure formation at 
small scales, and affecting the large scale structures.
Axion mass will also lead to a signature in the CMB photon temperature 
anisotropies via the early integrated Sachs-Wolfe effect. 

Thermal Axions



The effective number of relativistic degrees 
of freedom

The relativistic neutrinos contribute to the present energy density of the Universe: 

We can introduce the effective number of relativistic degrees of freedom: 

The expected value is Neff = 3.046, if we assume standard electroweak 
interactions and three active massless neutrinos. The 0.046 takes into account 

effects for the non-instantaneous neutrino decoupling and neutrino flavour 
oscillations (Mangano et al. hep-ph/0506164).  

If we measure a Neff>3.046, we are in presence of extra, dark radiation. 



The neutrino effective number is totally consistent with its standard value 3.046. 
Anyway, there is still the possibility to have some relic components…

Di Valentino et al. Phys.Rev. D93 (2016) no.8, 083527

Constraints at 95% cl.

CMB constraints on the neutrino effective number



Thermal axions, when are relativistic, will contribute to the hot dark 
matter component of the universe, so to the extra radiation component, 

by an amount given by:

We computed the current axion number density na, related to the 
present photon density by: 

Moreover, we computed the axion decoupling temperature TD 
(calculated earlier in Hannestad, Mirizzi and Raffelt, arXiv:hep-ph/0504059), that 
will be a function of the axion mass ma, numerically solving the freeze-

out equation of the axion-pion interaction:
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The temperature of decoupling is a function 
of the axion mass (solid curve). The higher 
the axion mass, the lower the temperature of 

decoupling is.

The axion contribution to the extra dark 
radiation content of the universe, as a 

function of the axion mass. Notice that the 
extra dark radiation arising from a 1 eV axion 
is still compatible (at 95% CL) with the most 
recent measurements of Neff from the Planck 

2015 data release.

Di Valentino et al., Phys. Rev. D. 91, 123505 (2015), arXiv:1503.00911

http://arxiv.org/abs/1503.00911


When massive axion particles become non-relativistic, will contribute to the matter 
density of the universe:

However their effect is degenerate with massive neutrinos, in particular they are 
negatively correlated. In fact, an increase in the axion mass will increase the hot dark 
matter component, and in order to keep the total amount consistent with the data, the 

contribution to the hot dark matter from the neutrinos should be reduced. 

Di Valentino et al. Phys.Lett. B752 (2016) 182-185.
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The current axion mass-energy density as a 
function of the thermal axion mass. Notice 

that, currently, a 1 eV axion will give rise to 
Ωah2 ≃ 0.005, while a neutrino of the same 

mass will contribute to the total mass-energy 
density of the universe with Ωνh2 ≃ 0.01. 

The free-streaming scale of an axion (solid 
curve) or a neutrino (dashed curve) versus the 

axion/neutrino mass, in eV. This is the 
wavenumber kfs below which the axion/

neutrino density perturbations will contribute 
to clustering once the axion/neutrino is a non-

relativistic particle. They cover the same 
scales, so we can expect a large correlation 

between these two quantities in 
measurements of galaxy clustering. 

Di Valentino et al., Phys. Rev. D. 91, 123505 (2015), arXiv:1503.00911

http://arxiv.org/abs/1503.00911


Constraints at 95% cl.

Di Valentino et al. Phys.Lett. B752 (2016) 182-185.

The scenario we considered in this case is the ΛCDM model, with both thermal 
axions and standard active neutrinos as extra hot thermal relics, to take into 

account their large degeneracy. 
The strongest bound we have on the thermal axion mass is obtained when 

considering Planck TTTEEE+lowTEB+BAO+HST+SZ. Using these low-
redshift probes, we can break the degeneracies existing between parameters.

CMB constraints on the thermal axion mass



Di Valentino et al. Phys.Lett. B752 (2016) 182-185.

The degeneracies with the axion mass…



…and those ones with the total neutrino mass

Di Valentino et al. Phys.Rev. D93 (2016) no.8, 083527



All the showed cosmological bounds to date have assumed the a simple 
power law description for the primordial perturbations.

We want to constrain the same quantities using a non-parametric 
description of the Primordial Power Spectrum of the scalar 

perturbations, in order to test the robustness of these bounds and to 
study possible degeneracies.

In fact, while the simplest models of inflation assume that the PPS has a 
scale-free power-law form, in general it could be more complicated, 

presenting various features or a scale dependence. 
The energy scales at which the PPS was produced during inflation can 

not be directly tested. We can only infer the PPS by measuring the 
current matter power spectrum in the galaxy distribution and the power 

spectrum of the CMB fluctuations, that is the convolution of the PPS with 
the transfer function. The assumption of an underlying cosmological 

model is a mandatory first step in order to compute the transfer function.
If we use an incomplete parameterization for the PPS in our cosmological 
analyses, this could lead to biased results in the cosmological constraints 

of different quantities. 



One of the main tool of 
research in cosmology is 

the angular power 
spectrum of CMB 

temperature 
anisotropies.

Planck collaboration, 2015



The standard cosmological model seems to fail at very low-l.  
In fact, the low-l spectrum of the temperature perturbations measured by the Planck 
experiment shows a dip in the power around l=22, that cannot be explained in the 

standard cosmological scenario. It may hint the presence of some features in the shape 
of the scalar PPS, which could deviate from its canonical power- law form. 

Planck collaboration, 2015



We consider extended scenarios, allowing the PPS to assume a more 
general shape than the usual power law description. This may allow us to 

remove possible biases in the bounds induced by the PPS power-law 
assumptions.

Among the large number of possibilities, we decided to use the 
“piecewise cubic Hermite interpolating polynomial” (PCHIP).

This modified spline function interpolates the PPS values in a series of 
nodes at fixed position, and is defined to preserve the original monotonicity 

of the point series that is interpolated.

where P0 = 2.2 × 10−9 and Ps,j is the value of the PPS at the node kj divided 
by P0.



To describe the scalar PPS with the PCHIP function, we 
only need to give the values of the PPS in a discrete 

number of nodes and to interpolate among them.
Following Gariazzo et al., arXiv:1412.7405v1, we use 12 nodes 

which span a wide range of k values:

The range (k2, k11) is well constrained from the data and we 
choose equally spaced nodes in the logarithmic scale. The 
nodes k1 and k12 are used to parameterize a non-constant 
behavior of the PPS outside this well constrained range.



In the TT spectrum, the best-fit spectra are in good agreement with the observational 
data, and the freedom in the PPS allows a better fit of the low-ell range.

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



The PPS can be well approximated with a power-law parameterization 
between the range k5=0.007 Mpc−1 and k10=0.2 Mpc−1. The values of 

the PPS in these nodes have only a few-percent uncertainty.

Di Valentino et al., Phys. Rev. D. 91, 123505 (2015), arXiv:1503.00911

http://arxiv.org/abs/1503.00911


The PPS presents a clear dip a k3=0.002 Mpc−1, with a statistical 
significance at more than 2σ, and a small bump a k4=0.0035 Mpc−1, with 
a statistical significance of about 1σ. These major features are related to 
the dip in the temperature power spectrum around l=22 and to the slight 

excess around l=40.

Di Valentino et al., Phys. Rev. D. 91, 123505 (2015), arXiv:1503.00911

http://arxiv.org/abs/1503.00911


Constraints on cosmological parameters from Planck TT+lowP dataset alone and in combination 
with the matter power spectrum shape measurements from WiggleZ (MPkW), the BAO data and 

the lensing constraints from Planck, in the ΛCDM + Neff + Σmν model.

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2

Constraints at 95% cl.

CMB constraints on the neutrino effective number



For each combination, there are the limits obtained for the two parameterizations of the primordial 
power spectrum, namely the power-law model (first column) and 

the polynomial expansion (second column of each pair).

Constraints at 95% cl.

CMB constraints on the neutrino effective number

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



In the columns corresponding to the analysis involving a power-law PPS, we list the values that 
can be exploited for comparison purposes among the two PPS approaches. 

Constraints at 95% cl.

CMB constraints on the neutrino effective number

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



Deviations from the power-law expectations are visible at small wavemodes, corresponding to 
the dip at l ≃ 20 and to the small bump at l ≃ 40 in the CMB temperature spectrum. 

Constraints at 95% cl.

CMB constraints on the neutrino effective number

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



Even if the constraints on Neff are loosened for the PCHIP PPS case, all the dataset 
combinations give constraints on Neff that are compatible with the standard value 3.046 at 95% 

CL, and a mild preference for Neff > 3.046 arises. 
The largest allowed mean value for Neff is obtained for Planck TT+lowP+BAO dataset.

Constraints at 95% cl.

CMB constraints on the neutrino effective number

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



To compensate the shift of the matter-to-radiation equality redshift due to the increased radiation 
energy density, the CDM energy density Ωch2 mean value is slightly shifted and its constraints 
are weakened. At the same time, the uncertainty on the Hubble parameter H0 is considerably 

relaxed, because H0 must be also changed accordingly. 
For Planck TT+lowP+BAO dataset H0 is in agreement with the recent value provided by Riess 

et al. in arXiv:1604.01424v3 (H0=73.24±1.74 Km/s/Mpc).

Constraints at 95% cl.

CMB constraints on the neutrino effective number

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



The introduction of the polarization data helps in improving the constraints in the models with a 
PCHIP PPS, since the effects of increasing Neff and changing the PPS are different for the 

temperature-temperature, the temperature-polarization and the polarization-polarization 
correlation spectra. The PCHIP parametrization of the PPS does not favor anymore an extra 

dark radiation and the effective neutrino number is perfectly in agreement with the Planck 
collaboration bounds. 

Constraints at 95% cl.

CMB constraints on the neutrino effective number

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



Constraints at 95% cl.

CMB constraints on the neutrino effective number

Apparently, the Planck polarization data seem to prefer a value of Neff slightly smaller than 
3.046 for all the datasets except those including the BAO data, but the effect is not statistically 

significant. We obtain a robust 95% CL range of 2.5 ︎<Neff ︎<3.5, with very small differences in both 
the central values and allowed ranges for the several data combinations and PPS approaches.

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



Constraints at 95% cl.

CMB constraints on the neutrino effective number

Also for the remaining cosmological parameters, the differences between the power-law PPS 
and the PCHIP PPS results are much less significant. 

For example the H0 constraints are less affected by the introduction of the inflationary freedom 
in the PPS, and the agreement with Riess et al. (2016) disappears.

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



CMB constraints on the neutrino effective number

Recently, Tram et al. (2016) pointed out in arXiv:1606.09199 that a power-law inflation (PLI) in 
presence of a dark radiation component may relieve the 3.3σ tension which exists within 
standard ΛCDM between the determination of the local value of the Hubble constant by 
Riess et al. in arXiv:1604.01424v3 and the value derived from CMB anisotropy data by the 

Planck collaboration. 

The PLI was introduced the first time by 
Lucchin and Matarrese (1985) and the potential is 

of the form:



Di Valentino and Bouchet, arXiv:1609.00328

Constraints at 68% cl.

CMB constraints on the neutrino effective number

Standard inflation

PL inflation

PLI produces a shift towards higher values of the neutrino effective number Neff 
reducing the error by a half. 



CMB constraints on the neutrino effective number

This shift correspond to a higher value for H0, the scalar spectral index ns, and 
the clustering parameter σ8, since they are all positively correlated. 

Unfortunately, this enhancement of the σ8 value increases the tension between 
the Planck data and the weak lensing measurements from the CFHTLenS 

survey and KiDS-450.
Di Valentino and Bouchet, arXiv:1609.00328



Constraints at 68% cl.

CMB constraints on the neutrino effective number

PL inflation

Moreover, the new constraints on the reionization optical depth τ=0.055±0.009 
from Planck HFI data reinstates the compatibility with the standard value of 
3.046 for the neutrino effective number Neff which restores the tension on H0. 

Di Valentino and Bouchet, arXiv:1609.00328



Constraints on cosmological parameters from Planck TT+lowP dataset alone and in combination 
with other probes, in the ΛCDM + ma + Σmν model. 

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2

Constraints at 95% cl.

CMB constraints on the thermal axion mass



Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2

Constraints at 95% cl.

CMB constraints on the thermal axion mass

Also in for this model, for each combination of datasets, there are the limits obtained for the two 
parameterizations of the primordial power spectrum, namely the power-law model (first column) 

and the polynomial expansion (second column of each pair).



We can observe also in this scenario a dip, corresponding to the Ps,3 node, and a bump, 
corresponding to the Ps,4 node. These features are more significant for the case of CMB data 

only. 

Constraints at 95% cl.

CMB constraints on the thermal axion mass

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



The bounds on the axion mass are relaxed in the PCHIP PPS scenario. This effect is related to 
the relaxed bound we have on Neff when letting it free to vary in an extended ΛCDM + Neff 

scenario: the PCHIP formalism favours extra dark radiation, and therefore a higher axion mass 
is allowed. As a consequence, we find that the axion mass is totally unconstrained using the 

Planck TT+lowP data in the PCHIP PPS approach. 

Constraints at 95% cl.

CMB constraints on the thermal axion mass

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



The weakening of the axion mass constraints in most of the data combinations obtained in the 
PCHIP PPS scheme is responsible for the shift at more than 1σ in the cold dark matter energy 

density Ωch2, due to their degeneracy. Interestingly, this effect has also an impact on the 
Hubble constant, shifting its mean value by about 2σ towards lower values. Furthermore, there 

is also a shift in the optical depth towards a lower mean value that can be explained via the 
existing degeneracies between τ and H0 and between τ and Ωch2. 

Constraints at 95% cl.

CMB constraints on the thermal axion mass

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



CMB constraints on the thermal axion mass

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2

The weakening of the axion mass constraints in most of the data combinations obtained in the 
PCHIP PPS scheme is responsible for the shift at more than 1σ in the cold dark matter energy 

density Ωch2, due to their degeneracy. Interestingly, this effect has also an impact on the 
Hubble constant, shifting its mean value by about 2σ towards lower values. Furthermore, there 

is also a shift in the optical depth towards a lower mean value that can be explained via the 
existing degeneracies between τ and H0 and between τ and Ωch2. 



The most stringent bounds arise when using the BAO data, since they are directly sensitive to 
the free-streaming nature of the thermal axion, and they are able to constrain better the cold 

dark matter density Ωc h2 , strongly correlated with ma. In this case, the degeneracies are largely 
removed and there is no significant shift in the values of the Ωch2, H0 and τ parameters within the 

PCHIP PPS approach, when compared to their mean values in the power-law PPS.

Constraints at 95% cl.

CMB constraints on the thermal axion mass

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



A mild preference appears for an axion mass different from zero at 68% CL, only when 
considering the Planck lensing dataset with the PCHIP approach. This is probably due to the 

existing tension between the Planck lensing reconstruction data and the lensing effect.

Constraints at 95% cl.

CMB constraints on the thermal axion mass

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



Constraints at 95% cl.

CMB constraints on the thermal axion mass

When adding the high-l polarization measurements there is no more shift induced in the mean 
value of the optical depth, nor in the one corresponding to the cold dark matter energy density 

and no more in the Hubble constant, in the PCHIP approach, with respect to the power-law 
case.

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



CMB constraints on the thermal axion mass

This happens because the high multipole polarization data is extremely powerful in breaking 
degeneracies, as, for instance, the one existing between τ and H0 .

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



CMB constraints on the thermal axion mass

Interestingly, varying the thermal axion mass has a significant effect in the σ8 − Ωm plane in both 
PPS approaches, weakening the bounds found for the ΛCDM model and pushing the σ8 
parameter towards a lower value, in agreement with the Weak Lensing measurements as 

CFHTLenS survey and KiDS-450, and Ωm towards a higher value. 

Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2



Summary:
• Thermal axions can contribute to the hot dark matter component of the universe, together with the 

three active neutrinos. Axions have a free-streaming nature, suppressing structure formation at 
small scales, and also contribute to the dark radiation background, leading to deviations of the 
relativistic degrees of freedom Neff from its canonically expected value of Neff = 3.046. 

• The neutrino effective number provided by the Planck data is totally consistent with its standard 
value 3.046. Anyway, there is still the possibility to have some relic components.

• We constrained Neff using an alternative, non-parametric description of the primordial power 
spectrum of the scalar perturbations, named PCHIP. 

• With the introduction of the polarization data, the PCHIP parametrization of the PPS does not favor 
anymore, with respect to the temperature only data, an extra dark radiation and the effective 
neutrino number is perfectly in agreement with the Planck collaboration bounds.

• We obtain a robust 95% CL range of 2.5 ︎<Neff ︎<3.5, with very small differences in both the central 
values and allowed ranges for the several data combinations and PPS approaches.

• In order to test the robustness of the cosmological axion mass bounds, we constrained also it 
using the PCHIP parametrization of the PPS. 

• The tightest bound we find in the PCHIP primordial power spectrum approach is obtained when 
considering BAO measurements together with Planck TT+lowTEB, with ma<1.03eV at 95% CL. In 
the standard power-law primordial power spectrum modeling, the same combination of data gives 
ma < 0.939 eV at 95% CL. 

• The axion mass constraints are only marginally affected from the change in the PPS.

We cannot have at the same time a higher H0 and a lower σ8 to solve the 
tensions between the Planck data and the other cosmological probes, 

since they are positively correlated!
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Thermal QCD Axions 

A. Melchiorri et al, arXiv:0705.2695v1 

thermally averaged interaction rate

axion-pion coupling constant

freeze-out equation

kinematical variables



Thermal QCD Axions 

E. Di Valentino et al., Phys. Rev. D. 91, 123505 (2015), arXiv:1503.00911

number of entropic degrees of freedom

http://arxiv.org/abs/1503.00911


Constraints at 95% cl.

Di Valentino et al. Phys.Lett. B752 (2016) 182-185.

The strongest bound we have on the thermal axion mass is obtained when considering 
Planck TTTEEE+lowTEB+BAO+HST+SZ.

The Baryon Acoustic Oscillations are regular, periodic fluctuations in the density of the visible 
baryonic matter of the universe. BAO matter clustering provides a "standard ruler" for length 
scale, and it can be measured by looking at the large scale structure of the universe in their 

geometrical form. They essentially measure the H(z) and DA at a specific redshift. 
Here we considered the 6dFGS, SDSS-MGS and BOSS DR11 measurements.

CMB constraints on the thermal axion mass

https://en.wikipedia.org/wiki/Baryonic
https://en.wikipedia.org/wiki/Standard_ruler
https://en.wikipedia.org/wiki/Large-scale_structure_of_the_universe


Constraints at 95% cl.

Di Valentino et al. Phys.Lett. B752 (2016) 182-185.

CMB constraints on the thermal axion mass

The strongest bound we have on the thermal axion mass is obtained when considering 
Planck TTTEEE+lowTEB+BAO+HST+SZ.

Concerning Planck catalogs, we make use of the Sunyaev-Zeldovich second cluster catalog 
which consists of 439 clusters with their corresponding redshifts and with a signal-to-noise 

ratio q > 6. Cluster surveys usually focus on the cluster number count function dN/dz, which 
measures the number of clusters of a certain mass M over a range of redshift, and it depends 

on the underlying cosmological model. The main uncertainties arise from the cluster mass 
bias. In our work the cluster mass bias is a free parameter, determined with a bayesian 

statistics.



Constraints at 95% cl.

Di Valentino et al. Phys.Lett. B752 (2016) 182-185.

CMB constraints on the thermal axion mass

The strongest bound we have on the thermal axion mass is obtained when considering 
Planck TTTEEE+lowTEB+BAO+HST+SZ.

There exists a strong, well-known degeneracy between the neutrino mass and the Hubble 
constant. In the absence of an independent measurement of H0, the change in the CMB 

temperature anisotropies induced by the presence of massive neutrinos can be easily 
compensated by a smaller value of the Hubble constant. 

Here we used a gaussian prior on the Hubble constant H0 = 73.8 ± 2.4 km/s/Mpc, according 
with the measurements of the Hubble Space Telescope. Recently Riess et al. in arXiv:

1604.01424v3 confirm the value of H0 =73.24 ± 1.74 Km/s/Mpc.



The PCHIP prescription
We consider the relative differences: 

where yj are the known values of the function in N nodes xj , with j = 1, . . . , N. 

If δj−1 and δj have opposite signs, then xj is a discrete local minimum or maximum and 
dj=0; 
If δj−1 and δj have the same sign, then dj is determined by the weighted harmonic mean: 

with w1 = 2hj + hj−1 and w2 = hj + 2hj−1, and hj = xj+1 − xj; 
The derivatives in the first and last nodes are determined by a shape-preserving 
prescription based on a quadratic fit of three points. For d1 we consider the three points (x1, 
y1), (x2, y2), (x3, y3). The derivative in x1 of the parabola which passes through these three 
points is given by: 

The shape-preserving prescription for d1 is: 
If the signs of d(h1, h2, δ1, δ2) and δ1 are different, then d1 = 0. 
If the signs of δ1 and δ2 are different and |d(h1, h2, δ1, δ2)| > 3|δ1|, then d1 = 3δ1. 

• Else d1 = d(h1, h2, δ1, δ2). 
For dN one must replace 1 → N − 1 and 2 → N − 2. S. Gariazzo et al., arXiv:1412.7405v1 



We adopt the PCHIP interpolating function 
in order to avoid spurious oscillations 

of the interpolating function between the nodes which is 
often obtained in spline interpolations.

S. Gariazzo et al., arXiv:1412.7405v1 



This problem occurs because a natural cubic spline requires the values 
of the function, the first and the second derivatives to be continuous in 
the nodes. In this way there is not a local control, and the interpolating 

curve is affected by the change of a single point.
Local control of the interpolating curve can be achieved by relaxing the 

requirement of continuity of the second derivatives in the nodes and 
using the resulting freedom to adjust the first derivatives with a 

local prescription, as in the PCHIP parameterization.
The PCHIP function is constructed in order to preserve the shape of the 

set of points to be interpolated preserving the local monotonicity.



Once the freedom in the PPS is introduced, some degeneracies between the PCHIP nodes Ps,j 
and Neff appear. As expected, the degeneracy between the nodes Ps,j and Neff shows up at 

high wavemodes, where the Silk damping effect is dominant. As a consequence of this 
correlation, the values preferred for the nodes Ps,6 to Ps,10 are slightly larger than the best-fit 

values in the power-law PPS at the same wavemodes. 

E. Di Valentino et al., Phys.Rev. D93 (2016) no.8, 083523, arXiv:1601.07557v2

Constraints at 95% cl.

CMB constraints on the neutrino effective number


