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Abstract. A quantum Zeno dynamics can be obtained by means of frequent measurements,
frequent unitary kicks or a strong continuous coupling and yields a partition of the total Hilbert
space into quantum Zeno subspaces, among which any transition is hindered. We focus on
the “continuous” version of the quantum Zeno effect and look at several interesting examples.
We first analyze these examples in practical terms, towards applications, then propose a novel
experiment.

1. Introduction
The quantum Zeno effect is intertwined with the name of George Sudarshan, who cast the
problem in a rigorous mathematical framework and proposed the classical allusion to the
sophist philosopher in a seminal article written in collaboration with Baidyanath Misra in
1977 [1]. Somewhat curiously, the most remarkable practical application of the quantum Zeno
effect consists in reducing (and eventually suppressing) decoherence and dissipation, which are
other issues in which George Sudarshan was a protagonist, by establishing a firm physical
and mathematical description that is known nowadays as the Gorini-Kossakowski-Sudarshan-
Lindblad equation [2]. The aim of this article is to illustrate the main features of the quantum
Zeno effect (QZE), clarify what is a quantum Zeno dynamics, discuss examples and recent
experiments and propose applications.

The quantum Zeno effect has an interesting history. It was first understood by von
Neumann [3], who proved that any given quantum state φ can be “steered” into any other
state ψ, by applying a suitable series of measurements. If φ and ψ coincide (modulo a phase
factor), the evolution yields, in modern language, a quantum Zeno effect. After 35 years (!)
Beskow and Nilsson [4] considered a particle in a bubble chamber (thought of as an apparatus
that “continuously checks” whether the particle has decayed) and wondered whether this
“measurement” mechanism can hinder decay. This interesting intuition was then reconsidered
by other authors, both from a physical [5, 6] and more genuinely mathematical perspective [7].
Notice that a rigorous formulation hinges upon difficult mathematical issues [8], most of which
are yet unsolved [9].
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It was not until 1988 that Cook realized that the quantum Zeno effect (not a “paradox”
as people tended to regard it) could be tested on oscillating (two- or three-level) systems [10].
This proposal deviated from the original framework, that dealt with bona fide unstable systems
[4, 1], but was nonetheless an interesting and concrete idea, that led to a beautiful experimental
test a few years later, performed by Itano and collaborators [11]. The debate that followed
[12] motivated novel experimental tests, involving diverse physical systems, such as photon
polarization, chiral molecules and ions [13] and very recently Bose-Einstein condensates [14] and
cavity QED [15]. New experiments have been proposed with neutron spin [16].

The presence of a short-time quadratic (Zeno) region for a bona fide unstable quantum
mechanical system (particle tunnelling out of a confining potential) was experimentally
confirmed by Raizen and collaborators in 1997 [17]. A few years later, the same group
demonstrated the Zeno effect (hindered evolution by frequent measurements) [18]. This
experiment also proved the occurrence of the curious inverse (or anti) Zeno effect (IZE)
[19, 20], first suggested in 1983 (!), according to which the evolution can be accelerated if the
measurements are frequent, but not too frequent. The IZE has remarkable links with chaos and
dynamical localization [21].

The QZE arises as a straightforward consequence of general features of the Schrödinger
equation, that yield quadratic behavior of the survival probability at short times [22, 23]. It is
usually understood as the hindrance of the dynamics out of the intial state due to frequent von
Neumann measurements. Nowadays, in view of possible applications, this picture appears too
restrictive in two respects. First, the QZE does not necessarily freeze the dynamics. On the
contrary, for frequent projections onto a multidimensional subspace, the system can evolve away
from its initial state, although it remains in the “Zeno subspace” defined by the measurement
[24]. The resulting constrained evolution is called “quantum Zeno dynamics” [25]. Second,
the QZE can be reformulated in terms of a “continuous coupling” [23], without making use
of projection operators and non-unitary dynamics, obtaining the same physical effects. We
emphasize that the idea of a continuous formulation of the QZE is not new [26, 6], but has
appeared in the literature in different contexts and at different times. These two observations
will enable us to focus on possible interesting applications and novel experimental proposals.

This article is organized as follows. We start by reviewing some notions related to the
(familiar) “pulsed” formulation of the Zeno effect in Sec. 2. We then summarize the celebrated
Misra and Sudarshan theorem in Sec. 3. This theorem is generalized in Sec. 4, in order to
accommodate nonselective measurements. We briefly introduce the “kicked” version of the QZE
in Sec. 5 and the continuous formulation in Sec. 6. The three procedures (pulsed, kicked and
continuous QZE) are compared in Sec. 7, where their physical equivalence is discussed. We then
look at several elementary but relevant examples in Secs. 8-10. This is a central part of the
article, where a new experiment is proposed. We conclude with a few comments in Sec. 11.

2. Preliminaries: the “pulsed” formulation
We start off by giving an elementary introduction to the QZE, in its most familiar formulation,
in terms of von Neumann measurements represented by one-dimensional projections. Let H be
the total Hamiltonian of a quantum system Q and |ψ0〉 its initial state at t = 0. The survival
amplitude and probability in state |ψ0〉 at time time t read (� = 1)

A(t) = 〈ψ0|e−iHt|ψ0〉, (1)
p(t) = |A(t)|2 = |〈ψ0|e−iHt|ψ0〉|2 (2)

and a short-time expansion yields a quadratic behavior

p(t) ∼ 1− t2/τ2Z, (3)
τ−2Z ≡ 〈ψ0|H2|ψ0〉 − 〈ψ0|H|ψ0〉2, (4)
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Figure 1. Quantum Zeno effect in the “pulsed” formulation. The dashed (full) line is the
survival probability without (with) measurements. The gray line is the interpolating exponential
(8). The units on the abscissae are arbitrarily chosen for illustrative purposes.

where τZ is the Zeno time [27]. Observe that if the Hamiltonian is divided into a free and an
(off-diagonal) interaction parts

H = H0 +Hint,

H0|ψ0〉 = ω0|ψ0〉,
〈ψ0|Hint|ψ0〉 = 0, (5)

the Zeno time reads
τ−2Z = 〈ψ0|H2

int|ψ0〉 (6)

and depends only on the interaction Hamiltonian.
Let us now show how frequent projective measurements can hinder evolution away from the

initial state. Perform N measurements at time intervals τ = t/N , in order to check whether the
system is still in its initial state |ψ0〉. The survival probability p(N)(t) at time t reads

p(N)(t) = p(τ)N = p (t/N)N ∼ exp
(−t2/τ2ZN) N→∞−→ 1. (7)

For large N the evolution is slowed down and in the N → ∞ limit the evolution is completely
hindered. Notice that the survival probability after N pulsed measurements (t = Nτ) is
interpolated by an exponential law [20]

p(N)(t) = p(τ)N = exp(N log p(τ)) = exp(−γeff(τ)t), (8)

with an effective decay rate

γeff(τ) ≡ −1
τ
log p(τ) = −2

τ
log |A(τ)| = −2

τ
Re [logA(τ)] ≥ 0 . (9)

For τ → 0 (N →∞) one gets p(τ) ∼ exp(−τ2/τ2Z), whence

γeff(τ) ∼ τ/τ2Z, τ → 0. (10)

The Zeno evolution for “pulsed” measurements is pictorially represented in Figure 1.
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3. Misra and Sudarshan’s theorem
The formulation of the previous section is very intuitive and does not rest on a firm mathematical
ground. The existence of the moments of the Hamiltonian and the convergence of the expansions
are all taken for granted and subtle field-theoretical issues related to the Fermi golden rule [28]
are not considered [29, 27].

The formulation by Misra and Sudarshan consists in a theorem that requires a few preliminary
notions. We first introduce incomplete measurements, represented by multidimensional
projections, by applying the von Neumann-Lüders [3, 30] formulation in terms of projection
operators and adopting some definitions given by Schwinger [31] (but see also Peres [32]). We
will say that a measurement is “incomplete” if some outcomes are lumped together. This
happens, for example, if the experimental equipment has insufficient resolution (and in this
sense the information on the measured observable is incomplete). The projection operator P ,
that selects a particular lump, is therefore multidimensional.

Let H be the Hilbert space of system Q and let the evolution be described by the unitary
operator U(t) = exp(−iHt), where H is a time-independent lower-bounded Hamiltonian. Let
P be a projection operator and RanP = HP its range, with dimHP = TrP = s ≤ ∞ (not
necessarily finite dimensional). We assume that the initial density matrix ρ0 of system Q belongs
to HP :

ρ0 = Pρ0P, Tr[ρ0P ] = 1. (11)

Under the sole action of the Hamiltonian H (no measurements), the state at time t reads

ρ(t) = U(t)ρ0U †(t) (12)

and the survival probability (namely the probability that the system is still in HP ) at time t
reads

p(t) = Tr
[
U(t)ρ0U †(t)P

]
. (13)

No distinction is made between one- and multi-dimensional projections.
The above evolution is “undisturbed:” Q evolves under the sole action of its Hamiltonian for a

time t, without undergoing any measurement process. We now perform a selective measurement
at time τ , in order to check whether Q has “survived” inside HP . By “selective”, we mean
that we filter out the survived component and stop the other ones. (Think for instance of
decomposing a spin in a Stern-Gerlach setup and absorbing away the unwanted components.)
The state of Q changes into

ρ0 → ρ(τ) =
PU(τ)ρ0U †(τ)P

p(τ)
, (14)

where

p(τ) = Tr
[
U(τ)ρ0U †(τ)P

]
= Tr

[
V (τ)ρ0V †(τ)

]
, V (τ) ≡ PU(τ)P (15)

is the survival probability in HP . The QZE is the following. We prepare Q in the initial state
ρ0 at time 0 and perform a series of (selective) P -observations at time intervals τ = t/N (by
this we mean that Q is found in HP at every step). The state at time t reads

ρ(N)(t) =
VN (t)ρ0V

†
N (t)

p(N)(t)
, VN (t) =

[
V

(
t

N

)]N

, (16)

where
p(N)(t) = Tr

[
VN (t)ρ0V

†
N (t)

]
(17)
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is the survival probability in HP . Equations (16)-(17) are the formal statement of the QZE,
according to which very frequent observations modify the dynamics of the quantum system:
under general conditions, if N is sufficiently large, transitions outside HP are inhibited.

The N →∞ limit requires some technical hypotheses: assume that the strong limit

V(t) ≡ lim
N→∞

VN (t) (18)

exists ∀t > 0. The final state of Q is then

ρ(t) = lim
N→∞

ρ(N)(t) = V(t)ρ0V†(t) (19)

and the survival probability in HP is

P(t) ≡ lim
N→∞

p(N)(t) = Tr
[
V(t)ρ0V†(t)

]
. (20)

By assuming the strong continuity of V(t) at t = 0

lim
t→0+

V(t) = P, (21)

Misra and Sudarshan proved that under general conditions the operators V(t) exist ∀t ∈ R and
form a semigroup. Moreover, by time-reversal invariance

V†(t) = V(−t), (22)

one gets V†(t)V(t) = P . This implies, by (11), that

P(t) = Tr
[
ρ0V†(t)V(t)

]
= Tr [ρ0P ] = 1. (23)

If the particle is very frequently observed, in order to check whether it has survived inside HP , it
will never make a transition to H⊥P . In general, if N is sufficiently large in (16)-(17), transitions
outside HP are inhibited. However, if N is not too large the system can display an inverse Zeno
effect [19, 20], by which decay is accelerated. Both effects have been demonstrated [18]. We will
not elaborate on this here.

A few comments are in order. Notice that the dynamics (16)-(17) is not reversible. On
the other hand, the dynamics in the N → ∞ limit is often time reversible [24] (although, in
general, the operators V(t) form a semigroup). Observe also that the Misra and Sudarshan
theorem does not state that the system remains in its initial state, after the series of very
frequent measurements. Rather, the system evolves in the subspace HP , instead of evolving
“undisturbed” in the total Hilbert space H. The limiting Zeno dynamics within HP is governed
by (18), which can be a unitary group. Therefore, starting from the dynamics (16), which
is irreversible and probability-nonconserving, one may end up with a fully unitary evolution.
Unitarity is recovered in the limit. The features of this evolution in some simple cases will be
the object study of the following sections. We anticipate that if HP ⊂ D(H), the domain of the
Hamiltonian H, the limiting time evolution has the explicit form

V(t) = P exp(−iPHPt), (24)

namely V(t) is unitary within HP and is generated by the self-adjoint Hamiltonian PHP :
reversibility is recovered in the N → ∞ limit. In particular, Eq. (24) is always valid for
bounded Hamiltonian, since D(H) = H. In more general cases (infinite dimensional projectors,
s = dimHP =∞, unboundedH) one can always formally write the limiting evolution in the form
(24), but has to define the meaning of PHP . In such a case one has to study the self-adjointness
of the formal limiting Hamiltonian PHP [7, 24, 8, 9].
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4. Extension of the Misra and Sudarshan theorem: The quantum Zeno subspaces
We now consider more general measurements and extend the Misra and Sudarshan theorem in
order to accommodate multiple projectors. We will say that a measurement is “nonselective”
[31] if the measuring apparatus does not “select” the different outcomes, so that all the “branch
waves” undergo the whole Zeno dynamics. In other words, a nonselective measurement destroys
the phase correlations between different branch waves, provoking the transition from a pure
state to a mixture. Let

{Pn}n, PnPm = δmnPn,
∑
n

Pn = 1, (25)

be a (countable) collection of projection operators and RanPn = HPn the relative subspaces.
This induces a partition on the total Hilbert space

H =
⊕

n

HPn . (26)

Consider the associated nonselective measurement described by the superoperator [3, 30]

P̂ ρ =
∑
n

PnρPn. (27)

The free evolution reads

Ûtρ0 = U(t)ρ0U †(t), U(t) = exp(−iHt) (28)

and the Zeno evolution after N measurements in a time t is governed by the superoperator

V̂
(N)
t = P̂

(
Û (t/N) P̂

)N−1
. (29)

This yields the evolution

ρ(t) = V̂
(N)
t ρ0 =

∑
n1,...,nN

V (N)
n1...nN

(t) ρ0 V (N)†
n1...nN

(t), (30)

where

V (N)
n1...nN

(t) = PnNU (t/N)PnN−1 · · ·Pn2U (t/N)Pn1 , (31)

which should be compared to Eq. (16). We follow Misra and Sudarshan [1] and assume, as in
Sec. 3, the existence of the strong limits (t ∈ R)

Vn(t) = lim
N→∞

V (N)
n...n(t), lim

t→0
Vn(t) = Pn, ∀n . (32)

Then Vn(t) form a semigroup for every n and

V†n(t)Vn(t) = Pn. (33)

Moreover, one can show that

lim
N→∞

V
(N)
n...n′...(t) = 0, for n′ = n, (34)
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strongly. Notice that, for any finite N , the off-diagonal operators (31) are in general
nonvanishing, i.e. V (N)

n...n′...(t) = 0 for n′ = n. It is only in the limit (34) that these operators
vanish. This is because U (t/N) provokes transitions among different subspaces HPn . By Eqs.
(32)-(34) the final state is

ρ(t) = V̂tρ0 =
∑
n

Vn(t)ρ0V†n(t), with
∑
n

V†n(t)Vn(t) =
∑

n

Pn = 1. (35)

The components Vn(t)ρ0V†n(t) make up a block diagonal matrix: the initial density matrix
is reduced to a mixture and any interference between different subspaces HPn is destroyed
(complete decoherence). In conclusion,

pn(t) = Tr [ρ(t)Pn] = Tr [ρ0Pn] = pn(0), ∀n. (36)

Probability is conserved in each subspace and no probability “leakage” between any two
subspaces is possible: the total Hilbert space splits into invariant subspaces and the different
components of the wave function (or density matrix) evolve independently within each sector.
One can think of the total Hilbert space as the shell of a tortoise, each invariant subspace being
one of the scales. Motion among different scales is impossible. (See Fig. 2 in the following.)

If HPn ⊂ D(H), then the limiting evolution operator Vn(t) (32) within the subspace HPn has
the form (24),

Vn(t) = Pn exp(−iPnHPnt), (37)

PnHPn is bounded and self-adjoint and Vn(t) is unitary in HPn . Precautions are necessary in
more general cases, as mentioned after Eq. (24).

The result (23) is reobtained when pn(0) = 1 for some n, in (36): the initial state is then
in one of the invariant subspaces and the survival probability in that subspace remains unity.
In conclusion, when the necessary care is taken for mathematical rigor and subtleties, the Zeno
evolution can be written

ρ(t) = V̂tρ0 =
∑
n

Vn(t)ρ0V†n(t), (38)

Vn(t) = Pn exp(−iHZt) (39)

where
HZ = P̂H =

∑
n

PnHPn (40)

is the “Zeno” Hamiltonian.

5. Unitary kicks
The formulation of the preceding section hinges upon projections à la von Neumann. Projections
are instantaneous processes, yielding the collapse of the wave function (an ultimately nonunitary
process). However, one can obtain the QZE without making use of nonunitary evolutions. In
this section we further elaborate on this issue, obtaining the QZE by means of a generic sequence
of frequent instantaneous unitary processes. We will only give the main results, as additional
details and a complete proof, which is related to von Neumann’s ergodic theorem [33], can be
found in [34].

Consider the dynamics of a quantum system Q undergoing N “kicks” Ukick (instantaneous
unitary transformations) in a time interval t

UN (t) =
[
UkickU

(
t

N

)]N

. (41)
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In the large N limit, since the dominant contribution is UN
kick, one considers the sequence of

unitary operators

VN (t) = U †NkickUN (t) = U †Nkick

[
UkickU

(
t

N

)]N

(42)

and its limit
U(t) ≡ lim

N→∞
VN (t). (43)

One can show that
U(t) = exp(−iHZt), (44)

where
HZ = P̂H =

∑
n

PnHPn (45)

is the Zeno Hamiltonian, Pn being the spectral projections of Ukick

Ukick =
∑
n

e−iλnPn. (e−iλn = e−iλl , for n = l). (46)

In conclusion

UN (t) ∼ UN
kickU(t) = UN

kick exp(−iHZt) (47)

= exp

(
−i
∑
n

NλnPn + PnHPnt

)
. (48)

The unitary evolution (41) yields therefore a Zeno effect and a partition of the Hilbert space into
Zeno subspaces, like in the case of repeated projective measurements discussed in the previous
section. The appearance of the Zeno subspaces is a direct consequence of the wildly oscillating
phases between different eigenspaces of the kick.

6. Continuous coupling
The formulation of the preceding sections hinges upon instantaneous processes, that can be
unitary or nonunitary. However, the main features of the QZE can be obtained by making use
of a continuous coupling, when the external system takes a sort of steady “gaze” at the system
of interest. The mathematical formulation of this idea is contained in a theorem [25] on the
(large-K) dynamical evolution governed by a generic Hamiltonian of the type

HK = H +KHc, (49)

which again need not describe a bona fide measurement process. H is the Hamiltonian of the
quantum system investigated and Hc can be viewed as an “additional” interaction Hamiltonian
performing the “measurement.” K is a coupling constant.

Consider the time evolution operator

UK(t) = exp(−iHKt). (50)

In the “infinitely strong coupling” (“infinitely quick detector”) limit K → ∞, the dominant
contribution is exp(−iKHct). One therefore considers the limiting evolution operator

U(t) = lim
K→∞

exp(iKHct)UK(t), (51)

Sudarshan: Seven Science Quests IOP Publishing
Journal of Physics: Conference Series 196 (2009) 012017 doi:10.1088/1742-6596/196/1/012017

8



that can be shown to have the form

U(t) = exp(−iHZt), (52)

where
HZ = P̂H =

∑
n

PnHPn (53)

is the Zeno Hamiltonian, Pn being the eigenprojection of Hc belonging to the eigenvalue ηn

Hc =
∑
n

ηnPn, (ηn = ηm, for n = m) . (54)

This is formally identical to (40) and (45). In conclusion, the limiting evolution operator is

UK(t) ∼ exp(−iKHct)U(t) (55)

= exp

(
−i
∑
n

KtηnPn + PnHPnt

)
, (56)

whose block-diagonal structure is explicit. Compare with (48). The above statements can be
proved by making use of the adiabatic theorem [35].

7. A few comments on the three formulations
The three different formulations of QZE summarized in the previous sections are physically
equivalent and the analogy among them can be pushed very far [34].

After all, a projection à la von Neumann is a handy way to “summarize” the complicated
physical processes that take place during a quantum measurement. A measurement process is
performed by an external (macroscopic) apparatus and involves dissipative effects (an interaction
and an exchange of energy with and often a flow of probability towards the environment). The
external system performing the observation need not be a bona fide detection system, namely a
system that “clicks” or is endowed with a pointer. For instance, a spontaneous emission process
is often a very effective measurement process, for it is irreversible and leads to an entanglement
of the state of the system (the emitting atom or molecule) with the state of the apparatus (the
electromagnetic field). The von Neumann rules arise when one traces away the photonic state
and is left with an incoherent superposition of atomic states. However, it is clear that the main
features of the Zeno effects are still present if one formulates the measurement process in more
realistic terms, introducing a physical apparatus, a Hamiltonian and a suitable interaction with
the system undergoing the measurement. It goes without saying that one can still make use of
projection operators, if such a description turns out to be simpler and more economic (Occam’s
razor).

A comparison of the three Zeno procedures outlined in the three preceding sections suggests
that the continuous version might be the most effective strategy against decoherence [36]. We
shall therefore look at some simple examples that yield a quantum Zeno subspace by making
use of a strong continuous coupling. As already emphasized, the idea that a strong continuous
coupling to an external apparatus can yield a Zeno-like behavior has often been proposed in
the literature of the last two decades [26, 23]. The novelty in this context is the appearance of
effective superselection rules that are de facto equivalent to the celebrated “W3” ones [37],
but turn out to be a mere consequence of the Zeno dynamics. This remarkable aspect is
reminiscent of some results on “classical” observables [38], the semiclassical limit [39] and
quantum measurement theory [40, 31]. The appearance of a superselection rule in the Hilbert
space of the system is pictorially represented in Fig. 2. We conclude by observing that the
algebra of observables in the Zeno subspaces is in itself an open problem and a topic worth
investigating [41].
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Figure 2. The Hilbert space of the system: a dynamical superselection rule appears as the
coupling K to the apparatus or the frequency N of measurements is increased.

8. Example: three level system
Let us now look at some simple examples, involving only finite-dimensional Hilbert spaces. Let
us first consider the experiment schematically shown in Fig. 3. Two levels 1 and 2 are Rabi
coupled and frequent pulses rapidly sweep the population from level 2 to level 3. If the decay
rate Γ out of level 3 is fast enough, this can be viewed as a very efficient measurement procedure
and QZE takes place. This is the scheme adopted by Itano and collaborators in their celebrated
experiment [11]. Observe that in Fig. 3 one implicitly assumes π/2-pulses; on the other hand, if
one makes the pulses extremely frequent and accordingly less intense (technically, one rescales
the Hamiltonian [34]), one gets a situation similar to that shown in Fig. 4. In this sense, both
“pulsed” and “continuous” measurements are physically equivalent in that they both yield QZE.
This observation motivated a recent experiment performed at MIT with a BEC [14].

Consider now the scheme shown in Fig. 4, that describes a three-level system undergoing
two different Rabi oscillations and coupled to the photon field. Photons drain the population
away from level 3 (towards some other level not shown in the figure), so that if one restricts
one’s attention to the three atomic levels 1, 2 and 3, the effective Hamiltonian in the Markovian
approximation reads (� = 1)

H =
ω

2
(|1〉〈2|+ |2〉〈1|) + ω′

2
(|2〉〈3|+ |3〉〈2|)− iΓ

2
|3〉〈3| = 1

2

⎛
⎝ 0 ω 0
ω 0 ω′
0 ω′ −iΓ

⎞
⎠ , (57)

where
〈1| = (1, 0, 0), 〈2| = (0, 1, 0), 〈3| = (0, 0, 1). (58)

This is the effective Hamiltonian that better describes the MIT experiment [14]. Once a Γ-
photon has been emitted, the atom recoils and leaves the condensate. Here and in the following
we will oversimplify the analysis in order to focus on the main ideas.

The Hamiltonian (57) is not Hermitian and probability is not conserved (the photon field has
been traced out). Let us prepare the system in state |1〉 and let

p1(t) = |〈1|e−iHt|1〉|2 (59)
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Figure 3. “Pulsed” QZE, as in the experiment by Itano et al [11].
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Figure 4. “Continuous” observation, as in the experiment performed at MIT with a BEC [14].

be the survival probability. This is our key quantity, that can be studied in different regimes.
The main idea is that a larger coupling to the photon field (via ω′ and Γ) yields a more

effective “continuous” observation of the population of level 2 (and therefore of level 1), due
to a quicker response of the environment/detection system. As a consequence, the evolution is
slower and one obtains QZE. We assume [14]

Γ, ω′ � ω, (60)

which enables one to adopt the effective description of Fig. 5: Consider only the two levels

〈1| = (1, 0), 〈2| = (0, 1), (61)

with the effective Hamiltonian

Heff =
1
2

(
0 ω
ω −iγ

)
=
ω

2
(|1〉〈2|+ |2〉〈1|)− iγ

2
|2〉〈2|, (62)

with
γ = ω′2/Γ. (63)

This yields Rabi oscillations of frequency ω, but at the same time absorbs away the population
of level |2〉, performing in this way a “measurement.” Again, probabilities are not conserved.

An elementary calculation [23] yields the survival probability

p1(t) =
∣∣〈1|e−iHeff t|1〉∣∣2 =

∣∣∣∣∣12
(
1 +

γ√
γ2 − 4ω2

)
e−(γ−

√
γ2−4ω2)t/4
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Figure 5. Effective description of the system of Fig. 4 in terms of only two levels: γ = ω′2/Γ.

+
1
2

(
1− γ√

γ2 − 4ω2

)
e−(γ−

√
γ2+4ω2)t/4

∣∣∣∣∣
2

. (64)

As expected, probability is (exponentially) absorbed away as t → ∞. When γ � ω the above
expression reads

p1(t) =
∣∣〈1|e−iHeff t|1〉∣∣2 ∼ e−tω2/γ = e−tω2Γ/ω′2 . (65)

As expected, probability is (exponentially) absorbed away as t→∞. However, as ω′ (and hence
γ) increases, the effective decay rate ω2/γ becomes smaller, eventually halting the “decay” (and
consequent absorption) of the initial state and yielding an interesting example of QZE: a larger γ
entails a more “effective” measurement of the initial state. Additional details on the derivation
of the effective decay rate ω2/γ can be found in [42]. Notice that the expansion (65) is not valid
at very short times (where there is a quadratic Zeno region), but becomes valid very quickly, on
a time scale of order ω−1 (the duration of the Zeno region [23, 27]).

The (non-Hermitian) Hamiltonian (62) can be obtained by considering the evolution
engendered by a Hermitian Hamiltonian acting on a larger Hilbert space and then restricting
the attention to the subspace spanned by {|1〉, |2〉}: consider the Hamiltonian

H̃γ = Ω(|1〉〈2|+ |2〉〈1|) +
∫
dk k|k〉〈k|+

√
γ

2π

∫
dk (|2〉〈k|+ |k〉〈2|), (66)

which describes a two-level system coupled to the photon field {|k〉} in the rotating-wave
approximation. It is not difficult to show [23] that, if only state |1〉 is initially populated,
this Hamiltonian is equivalent to (62), in that they both yield the same equations of motion in
the subspace spanned by |1〉 and |2〉. QZE is obtained by increasing γ: a larger coupling to the
environment leads to a more effective continuous observation on the system (quicker response of
the apparatus), and as a consequence to a slower decay (QZE). The quantity 1/γ is the response
time of the apparatus.

We now discuss a different regime, yielding a different Zeno picture. Rather than the situation
(60), consider

Γ� ω′. (67)

In this regime, the “control” of the evolution, performed by ω′, is made with no
dissipation/measurement. Let us first discuss in which sense one gets a Zeno effect. Look
at the idealized case Γ = 0 (Fig. 6). The (Hermitian) Hamiltonian reads

Hideal =
ω

2
(|1〉〈2|+ |2〉〈1|) + ω′

2
(|2〉〈3|+ |3〉〈2|) = 1

2

⎛
⎝ 0 ω 0
ω 0 ω′
0 ω′ 0

⎞
⎠ : (68)
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Figure 7. Survival probability for a continuous Rabi coupling with ω′ = ω (green), ω′ = 3ω
(blue), ω′ = 9ω (red).

we shall argue that level 3 plays here the effective role of measuring apparatus, although there is
no bona fide measurement involved: as soon as the system is in |2〉 it undergoes Rabi oscillations
to |3〉. We expect level |3〉 to perform better as a measuring apparatus when the strength ω′ of
the coupling becomes larger.

The survival probability in the initial state |1〉 reads

p1(t) =
∣∣〈1|e−iHidealt|1〉∣∣2 = 1

(ω′2 + ω2)2
[
ω′2 + ω2 cos

(√
ω′2 + ω2t/2

)]2
(69)

and is shown in Fig. 7 for ω′ = 1, 3, 9ω. We notice that for large ω′ the state of the system does
not change much: as ω′ is increased, level |3〉 performs a better “observation” of the state of the
system, hindering transitions from |1〉 to |2〉. This can be viewed as a QZE due to a continuous,
Hermitian coupling to level |3〉. This is the situation displayed in Fig. 6.

Note that one can also interpret the above results as an experiment of electromagnetically
induced transparency [43]. Indeed, the strong coupling ω′ between levels 2 and 3 splits state
|2〉 into two dressed states |±〉 = (|2〉 ± |3〉)/√2 of energy ±ω′. For large values of ω′ these
states run out of resonance and the system becomes transparent to the laser resonant with the
transition 1↔ 2.

But what happens for small Γ? An expansion yields

p1(t)
Γ small� 1

(ω′2 + ω2)2
[
ω′2e−Γω2t/2(ω2+ω′2) + ω2e−Γω′2t/4(ω2+ω′2) cos(

√
ω′2 + ω2t/2)

]2
. (70)
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Figure 8. Survival probability for a continuous Rabi coupling with a small dissipation Γ = 0.2ω
on level #3. Like before, ω′ = ω (green), ω′ = 3ω (blue), ω′ = 9ω (red).

We stress that this is a very accurate formula (technically, the expansion is uniform), essentially
valid even for Γ = O(ω) or Γ = O(ω′) (or both!). The results are shown Fig. 8 for ω′ = 1, 3, 9ω
and Γ = 0.2ω.

In Figs. 7 and 8 we used arbitrary values of the parameters for the sake of illustration. It is
remarkable how efficient the procedure turns out to be for more physical values of ω, ω′,Γ: one
can get a quantitative idea by plotting (with care!) Eq. (70).

Clearly, in the very same regime (67), one can use a pulsed technique, as in Fig. 3. This is
sometimes called “bang-bang.” In fact, it is nothing but pulsed Zeno.

9. Some comments on interpretation
Let us reinterpret the results of the previous section in the light of the theorem proved in Sec.
6. Reconsider Hamiltonian (68) (here ω′ plays the role of K in Sec. 6)

Hideal =
1
2

⎛
⎝ 0 ω 0
ω 0 ω′
0 ω′ 0

⎞
⎠ = H + ω′Hc, (71)

where

H =
ω

2
(|1〉〈2|+ |2〉〈1|) = ω

2

⎛
⎝ 0 1 0
1 0 0
0 0 0

⎞
⎠ , (72)

Hc =
1
2
|2〉〈3|+ |3〉〈2| = 1

2

⎛
⎝ 0 0 0
0 0 1
0 1 0

⎞
⎠ . (73)

As ω′ is increased, the Hilbert space is split into three invariant subspaces (the eigenspaces of
Hc), H =

⊕HPn , with

HP0 = span{|1〉}, HP1 = span{|2〉+ |3〉}, HP−1 = span{|2〉 − |3〉}, (74)

corresponding to the projections

P0 =

⎛
⎝ 1 0 0
0 0 0
0 0 0

⎞
⎠ , P1 =

1
2

⎛
⎝ 0 0 0
0 1 1
0 1 1

⎞
⎠ , P−1 =

1
2

⎛
⎝ 0 0 0

0 1 −1
0 −1 1

⎞
⎠ , (75)
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with eigenvalues η0 = 0 and η±1 = ±1. The diagonal part of the system HamiltonianH vanishes,
Hdiag =

∑
PnHPn = 0, and the Zeno evolution is governed by

HZ = ω′Hc =
1
2

⎛
⎝ 0 0 0
0 0 ω′
0 ω′ 0

⎞
⎠ . (76)

Any transition between |1〉 and |2〉 is inhibited: a watched pot never boils.

10. A watched cook can freely watch a boiling pot
In the previous discussion we endeavored to make QZE on level 1. Essentially, a Rabi transition
from |1〉 to |2〉 was inhibited by making use of different procedures. It would be interesting if
one could hinder transitions out of a Zeno subspace, say a two-dimensional one, such as a qubit.
Let us therefore modify the level scheme, in order to understand whether one can “protect” the
evolution of a qubit. Let

〈0| = (1, 0, 0, 0), 〈1| = (0, 1, 0, 0), 〈2| = (0, 0, 1, 0), 〈3| = (0, 0, 0, 1) (77)

and consider the four level Hamiltonian

H4lev =

⎛
⎜⎝
0 Ω 0 0
Ω 0 ω 0
0 ω 0 ω′
0 0 ω′ 0

⎞
⎟⎠ , (78)

where states |0〉 and |1〉 undergo Rabi oscillations,

Ω(|0〉〈1|+ |1〉〈0|) =

⎛
⎜⎝
0 Ω 0 0
Ω 0 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎠ , (79)

while state |2〉 “observes” |1〉

ω(|1〉〈2|+ |2〉〈1|) =

⎛
⎜⎝
0 0 0 0
0 0 ω 0
0 ω 0 0
0 0 0 0

⎞
⎟⎠ (80)

and state |3〉 “observes” |2〉

ω′(|2〉〈3|+ |3〉〈2|) =

⎛
⎜⎝
0 0 0 0
0 0 0 0
0 0 0 ω′
0 0 ω′ 0

⎞
⎟⎠ . (81)

For the sake of simplicity, we assumed no dissipation and redefined the Rabi frequencies in order
to get rid of factors 2.

One can amuse oneself by deciding which “observation” is more effective [25, 44]. In the
following, it is helpful to think of |0〉 and |1〉 as the states of a qubit (Ω being its dynamics), while
ω is a caricature of a “decoherence” process and ω′ represents the “control” (whose objective is
to suppress decoherence). See Fig. 9.
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Figure 9. “Control” of the dynamics of a qubit and suppression of “decoherence.”

Let us consider the worst situation, where ω � Ω and ω � ω′. Then one easily shows that
the total Hilbert space H splits into the three “Zeno” subspaces:

H0 = span{|0〉, |3〉}, H+ = span{|1〉+ |2〉}, H− = span{|1〉 − |2〉} (82)

and the Zeno evolution is governed by

H4lev =

⎛
⎜⎝
0 Ω 0 0
Ω 0 ω 0
0 ω 0 ω′
0 0 ω′ 0

⎞
⎟⎠ ω large−→ H

(ω)
Z =

⎛
⎜⎝
0 0 0 0
0 0 ω 0
0 ω 0 0
0 0 0 0

⎞
⎟⎠ . (83)

The Rabi oscillations between states |0〉 and |1〉 are hindered (as well as those between |2〉 and
|3〉). The dynamics Ω of the qubit {|0〉, |1〉} is destroyed by decoherence ω. This is detrimental.

On the other hand, if ω′ � ω, and even if ω � Ω, the total Hilbert space splits into the three
subspaces:

H′0 = span{|0〉, |1〉}, H′+ = span{|2〉+ |3〉}, H′− = span{|2〉 − |3〉} (84)

[notice the differences with (82)] and the Zeno Hamiltonian reads

H4lev =

⎛
⎜⎝
0 Ω 0 0
Ω 0 ω 0
0 ω 0 ω′
0 0 ω′ 0

⎞
⎟⎠ ω′ large−→ H

(ω′)
Z =

⎛
⎜⎝
0 Ω 0 0
Ω 0 0 0
0 0 0 ω′
0 0 ω′ 0

⎞
⎟⎠ . (85)

The conclusions are interesting and beautiful: the Rabi oscillations between states |0〉 and |1〉
are fully preserved (even if and in spite of ω � Ω). This is the control of a qubit: its dynamics
Ω is restored, even in presence of strong decoherence ω > (or even �) Ω.

In conclusion, if ω′ � ω,Ω, so that ω′−1 is the shortest timescale in the problem, a watched
cook can freely watch a boiling pot. The suppression of the transition out of level 1 can be of
great help in protecting the dynamics of the qubit {|0〉, |1〉}. Unlike the one-dimensional case, an
experiment on the multidimensional QZE has a twofold objective: i) prevent probability leakage
out of the Zeno subspace; ii) preserve the Zeno dynamics in the subspace. An experiment on
the preservation of the Zeno dynamics of a multidimensional system (such as a qubit) has never
been done.
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11. Conclusions
We considered three physically equivalent formulations of the QZE and focused on the
“continuous coupling” version, in order to analyze some simple examples involving two, three and
four level systems. These examples are of interest in the light of possible applications. Among
these, we considered the possibility of tailoring the interaction so as to obtain robust subspaces
against decoherence, useful for applications in quantum computation. The experimental scheme
proposed in Sec. 10 would enable one to control the dynamics of a qubit. It is remarkable that
a problem like the quantum Zeno effect, that was considered academic until no more than 20
years ago, might lead in the next future to novel experiments and very practical applications,
motivating the invention of techniques to counter decoherence and dissipation.
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