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AdS/CFT CorrespondenceAdS/CFT Correspondence (Maldacena ‘98)

Large N limit of Superconformal 
SU(N) gauge theory in

Supergravity limit of M-theory/Superstring 
Theory in

(M,N=0,1,2,3,4)

compact spaceAnti de Sitter space

(d=5) :

• Solution of vacuum Einstein equation :

• Isometry group SO(2,4)
( preserves distances, ~ SO(1,3) )

cosmological constant  L > 0

(-,+,+,+,+)

Conformal SO(2,4) group 
acting on

Holographic spacetime / bulk Minkowski spacetime

on the boundary

â

Anti-de Sitter

(no physical extra dimensions)



Parameter correspondence

Large N limit of Superconformal 
SU(N) gauge theory in

Supergravity limit of M-theory/
Superstring Theory in

YM coupling

R : AdS radius (AdS typical size)

String coupling String length Gauge group

‘t Hooft coupling

‘t Hooft limit
λ fixed but large
N >> 1 << 1

Strongly coupled gauge theory instring theory in 

perturbative

Classical
Perturbative

supergravitystrong coupling λ



Symmetry correspondence

Global symmetryLocal (gauged) symmetry

ExEx. : chiral sym.

Operator/field correspondence (Witten ’98, Gubser, Klebanov, Polyakov ‘98)

Operator (scaling dim. D)Bulk field (p-form) 

Source field of operatorBulk field (μ,ν=0,1,2,3)
boundary coord.

AdS mass of the bulk field :Bulk-to-boundary propagator :



Bulk : holographic spacetimeOur spacetime

z holographic
coordinate

Energy scale

IRUV

• strong coupling
• SUSY
• conformal

SU(N) M-Theory/Superstring

• weak coupling
• classical

Conformally flat metric :

K(x,x’)

where

Holographic spacetime :



Holographic Models of mesonsHolographic Models of mesons
I) Top-to-bottom approach :

M-theory/Supertring Theory

Bulk :

II) Bottom-up approach (AdS/QCDAdS/QCD) :

QCD-like Gauge theory

Boundary :

Properties of QCD SU(3)c :

Minkowski

(String-inspired) dual theory :

Holographic spacetime :

distorteddistorted

Glueball Spectroscopy

Confinement, Chiral symmetry breaking, masses, decay constants, form factors, etc...

• Scalar 0     and vector 1   mass spectrum

(Colangelo, de Fazio, Nicotri, F.J. ‘07)

(pseudoscalar 0      , hybrid mesons)

++ - -

- +

SUSY• squarks, gluinos

CFT
• massive quarks
• renormalisation scale μ

• Dual theory of QCD (if exists…)



z

QCD  in Dual theory in

Dilaton :

Scalar field :

AdS/QCD Model of light glueballsAdS/QCD Model of light glueballs
Glueballs : Bound-states of gluons (gg...)

Vector field : 

Scalar glueball

Vector glueball

boundary operators

bulk fields

Operators / fields of the model

4D :                          5D :                    p       Δ mAdS

0        4         0

1        7        24

2

massless

massive

R=1 ( AdS radius :               )



• Scalar bulk field :

• Vector bulk field :

5-dim. bulk Bulk field massDilaton

• Broken AdS isometries/conformal sym. (energy scale [a]=1)
• Regge behaviour of the mass spectrum

AdS/CFT AdS/QCD
?

Scalar glueball

Vector glueball

(Δ=4)

(Δ=7)

(p=0)

(p=1)

boundary bulk



- (Classical) eq. of motion :

- Bulk field decomposition (mode) :

plane wave holo. wave function

z

QCD  in Dual theory in

V(z)

IRUV

dilatonmetric

Ψn(z)

with

dilaton

(IR : z     ¶) (UV : z     0)

metric

- Schrödinger eq. :

Mn²

c = 1 :  AM(x,z)
c = 3 :  X(x,z)



• Mass spectrum :

• Holo. wave function :

Kummer confluent
hypergeometric function

(-n < 0 : polynomial)

0
z     ¶
z     0

Scalar glueball Vector glueball

B
ou

nd
ar

y

(Δ=4) (Δ=7)

:

B
ul

k

(p=0) (p=1)

Sp
ec

tr
a

Vector ρ meson (Son et al. ‘05)

(p=0)

(Δ=3)



Regge behaviour (n >>1) :

Hybrid meson :

Pseudoscalar glueball :                           (degenerated with scalar → puzzle)

(dilaton                     )

• Scalar glueball : • Vector glueball :

• Top-to-bottom approach
• AdS slice                          ( zc : IR brane )

≠

Ground states :

QCDSRQCDSR Lattice QCDLattice QCD

1.096

1.342

Dominguez, 
(‘86)Paver

< 1

Narison
(hep-ph/9612457)

1.5 (0.2)

AdS/QCDAdS/QCD

(hep-ph/0703316)
Meyer

(hep-lat/0508002)
Morningstar

(hep-lat/9901004)

1.475(30)(65)

3.240(330)(150)

1.730(50)(80)

3.850(50)(190)

Hang, Zhang
(hep-ph/9801214)

1.580(150)

too light ?too light ?

(KK spectrum)



Regge behaviour : connection dilaton/metric

PerturbedPerturbed backgroundbackground

β > 0

Background :
• Dilaton :

• AdS dual spacetime :

• z → 0 : asymptotic AdS 

• z → • : harmonic-like potential 

• Higher spin meson spectrum 

0 ≤ α < 2

α = 1

Perturbation :



• modification of the dilaton :

• modification of the metric :

metricdilaton

mass dependent
modification :

Scalar π Vector
metricdilaton

Mass splitting

λ < 0
Mass splitting increases
Maximun effect : metric A(z)

Modification of the background

modification of the dilaton modification of the metric

UV subleadingIR subleading

• dilaton :

• metric :



Regge behaviour (n >>1)   :

• scalar glueball :

• vector glueball :

≠ AdS slice                            ( zc~ 1/LQCD : IR brane )

Ground states :

Mass spectra

Perturbation
of the background
(metric/dilaton)

• dilaton modification:

• metric modification :

λ < 0   :
Metric : maximal effect
Mass splitting ç

ConclusionConclusion



OutlookOutlook

Lattice QCD (Meyer ‘05)

Top-to-bottom approach
pseudoscalar heavier than

scalar glueballs !

• Pseudoscalar glueball

(Δ=4)

(p=0)

Operator

Scalar bulk field

• Gluon condensate

degenerate spectrum 
with scalar glueball !

• Hybrid mesons

Bulk-to-boundary propagator

z → 0

physical fluctuation

(Witten ‘99)

AdS prediction of
gluon condensate

UV limit



• Wilson loop and Heavy quarkonium QQ potential :
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More about the operator/field correspondenceMore about the operator/field correspondence
• Bulk field A(x,z) : p-form (totally antisymmetric tensor with p indexes)

0-form :
1-form :
2-form :

(scalar)
(vector)
(strength field           )

• eq. of motion mass term

• Superconformal gauge theory : conformal group invariant

Scale transf. :

scaling dim. = canonical dim.
(without anomalous dim.):

Field

Operator

or

Bulk

B
ou

nd
ar

y

p

4 Δ

p, mAdS

4, ΔΔ~

mAdS

mAdS

mAdS

mAdS



AdS CFT

• weakly coupled 
• classical 

• strongly coupled λ
• SUSY
• conformal

Holographic space : Bulk Our spacetime

SU(N)String theory

• p-form
• massive 

OperatorBulk field scaling 
dimension

Source scaling 
dimension

z



AdS/QCD CorrespondenceAdS/QCD Correspondence (Witten ‘98)

QCD  SU(3)c
• squarks, gluinos SUSY

CFT
• massive quarks

• renormalisation scale μ

Holographic dual
theory of QCD?

How modifying AdS/CFT towards AdS/QCD ?

QCD could be nearly conformal (UV) (Brodsky ’02; Alkofer et al. ‘04)

QCD could have IR fixed point

Dimensionless renormalized Green function :

• effective coupling

• effective mass with

withRenormalization :



AdS/QCD

Deformation of the geometryEffective bulk field action

AdS/CFT

Homogeneous RGE :

Scale transf. :

Chiral limit m=0 :

0 0

λ(t) breaks scale invariance

Classical theory or fixed point : β=0 and λ(t) = λ = const.

λ

scale invariant theory

IR fixed point λ* : β(λ*)=0
Chiral QCD : m=0 QCD nearly 

conformal invariant



AdS/QCD spectrum of AdS/QCD spectrum of ρρ mesonmeson (Son et al. ’05)

z

QCD  in Dual theory in

Dilaton :

Scalar field :

Left/right gauge fields :

Chiral symmetry Gauge symmetry

Condensate :

Left/right currents :

operators
bulk fields

massless
tachyonic



(Classical) eq. of motion :

z

Regge behaviour :

ρ meson vector field :

plane wave

connection 
dilaton/geometry

holo. wave 
function

QCD  in Dual theory in

Schrödinger eq. :

V(z)

IRUV

dilatongeometry

Ψ(z)

Mn² = 4n+4

Better than 20% !
QCD

ADS



Lattice QCD (Meyer ‘05)

Top-to-bottom approach

The particular case of the Pseudoscalar glueballThe particular case of the Pseudoscalar glueball

Hybrid states

Δ = 4 Δ = 4

(qq’g)

p = 0p = 1

Pseudoscalar glueball

Modification of the background

Scalar glueball

Δ = 4

p = 0

pseudoscalar heavier than
scalar glueballs !

Top-to-bottom approach (Evans et al. ’05, Csaki et al. ‘06) (massless) 1-form AM

lighter

modification of the dilaton modification of the geometry

p = 1



• modification of the dilaton :

• modification of the geometry :

geometry

geometry

dilaton

dilaton
mass dependent

modification

Scalar glueball Pseudoscalar glueball

Δ = 4

p = 1

Δ = 4

p = 0

cannot switch hierarchy

can switch hierarchy

Perturbative
modification 

of the geometry

small value of l :
modified spectrum



Decay constants of glueballsDecay constants of glueballs

2-points correlator function 

• QCD :

Operator/field correspondence :

Decay constant

• AdS :

Completeness in the 2 chronological order :

PQCD(q  ) =PAdS(q  )22

Bulk-to-boundary 
propagator

Fourier transf. of X(x,z)



Bulk-to-boundary propagator (massless scalar bulk field) :

normalizable bulk mode dual to particle states

non-normalizable bulk mode dual to currents (virtuality)
(deep inelastic limit : q  → ¶)

Boundary translation invariance :

with (massless scalar)

•

•
2

z → 0

z → 0



Green’s function  :

eq. of motion :

Green’s theorem :

Sturm-Liouville operator completeness

1 4An z3
1/ z3



D(irichlet) p-brane model of spacetime :

y
y(x,t)

0 L
x

• p spatial-dim. object
• (p+1)-dim. spacetime

HeavyHeavy--light meson spectumlight meson spectum (Evans et al. ’06)

Qq mesons D=cq
B=bq

(q=u,d,s)

D3-brane in 4-dim. Spacetime :D0-brane

D1-brane

y(0,t)=0 y’(L,t)=0

Dp-branes : boundary conditions
Open string endpoints 
attached to Dp-branes

Open string spectrum

?

D3-brane : D3-D3-branes :



D3-brane : 1 massless vector
(tachyon, massless scalars)

(harm. osc. E=ħω(N+1/2))

D3-D3-branes :

quantum osc. classical energy of 
the stretched string

:

X2X1

(energy/length)
x (length)

1 massive vector
(tachyon, massive scalars)

Coincid
en

t

X2
1 massless vector

X1

Standard Model 
(QCD) 3 x 3 massless vectors : 9 gauge fields : SU(3) x U(1) 

SU(3)c3 D3-branes

in (3+1) spacetime

co
incid

en
t



N superposed Dp-branes Gauge theory SU(N) in (p+1) spacetime
3 D3-branes SU(3) in (3+1) spacetime

Boundary of the bulk

Gluons : open strings with the 2 endpoints attached on the 3 (colored) D3-branes

Quarks : open strings with
1 endpoint attached to a flavour Dp-brane (D7-brane)
1 endpoint attached on the 3 (colored) D3-brane

color brane flavour brane
(red,green) (u,d)

Ur

dg

Massive quarks Massless (chiral) quarks

color brane

flavour brane

Ur



SU(3) : QCD
2 D7-flavour branes 

(u,d,s) and (c,b)

3 D3-baryonic 
branes (r,b,g)

D3D3--D7D7--brane model of heavybrane model of heavy--light mesonslight mesons
holo. spacetime

x4,...,x9

x0,...,x3

q Q

meson string

D7-D3 open string spectrum :

d D

Heavy-light meson spectrum :

semi-classical string limit D>>d (B meson)

Mρ = 770 MeV : d
Mγ = 9.4 GeV  : D

B meson : MB = 6529 MeV (5279 MeV)

better than 20% !
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