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1. Definition



The potential is what to write in a Schrödinger equation

E φ =

„
p2

m
+ V (r)

«

φ

In a full theory, V must come from a double expansion:

• a non-relativistic expansion ∼ p/m, rm: V → V (0) + V (1)/m+ · · · ;

• an expansion in E r, since V is a function of r (or p at h.o. in the non-relativistic
expansion): V → V+ energy-dependent effects (e.g. Lamb-shift).

A potential V describes the interaction of a non-relativistic bound state, p ∼ mv,E ∼ mv2, v ≪ 1,

once the expansions inmv/m andmv2/mv have been exploited.



Non-relativistic scales in QCD

Near threshold:

E ≈ 2m+
p2

m
+ . . . with v =

p

m
≪ 1

• The perturbative expansion breaks down when αs ∼ v:

+ + ... ≈
1

E −
“

p2

m
+ V

”

αs

“

1 +
αs

v
+ . . .

”

• The system is non-relativistic : p ∼ mv and E =
p2

m
+ V ∼ mv2.



Non-relativistic scales in QCD

Scales get entangled.

...    ...   ...

∼ mv

p ∼ m

E ∼ mv2



EFTs for systems made of two heavy quarks

mv2

µ

perturbative matching
(short−range quarkonium)

nonperturbative matching
(long−range quarkonium)

mv

m

µ

perturbative matching perturbative matching

QCD

NRQCD

pNRQCD

...    ...   ...
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...

+ ...+

∼ mv

p ∼ m

E ∼ mv2

• They exploit the expansion in v/ factorization of low and high energy contributions.
• They are renormalizable order by order in v.
• In perturbation theory (PT), RG techniques provide resummation of large logs.



EFTs for systems made of two heavy quarks
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EFTs for systems made of two heavy quarks
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perturbative matching
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nonperturbative matching
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A potential picture arises at the level of pNRQCD:
• the potential is perturbative if mv ≫ ΛQCD

• the potential is non-perturbative if mv ∼ ΛQCD



NRQCD

NRQCD is obtained by integrating out modes associated with the scale m

��
��
��
��

��
��
��
��

...    ...   ... ...

QCD NRQCDQCD

×c(µ/m)

• The matching is perturbative.

• The Lagrangian is organized as an expansion in 1/m and αs(m):

LNRQCD =
X

n

c(αs(m/µ)) ×On(µ, λ)/mn

Suitable to describe annihilation and production of quarkonium.



pNRQCD

pNRQCD is obtained by integrating out modes associated with the scale
1

r
∼ mv

+ + ...
...    ...   ...

+ ...++ ...

NRQCD pNRQCD

1

E − p2/m− V (r)

• The Lagrangian is organized as an expansion in 1/m , r, and αs(m):

LpNRQCD =
X

k

X

n

1

mk
× ck(αs(m/µ)) × V (rµ′, rµ) ×On(µ′, λ) rn



pNRQCD formv ≫ ΛQCD

L = −
1

4
Fa

µνF
µν a + Tr

(

S†

 

i∂0 −
p2

m
− Vs −

V
(1)
s

m
+ · · ·

!

S

+ O†

 

iD0 −
p2

m
− Vo −

V
(1)
o

m
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!

O

)

+VATr
n

O†r · gES + S†r · gEO
o

+
VB

2
Tr
n

O†r · gEO + O†Or · gE
o

+ · · ·

LO in r

NLO in r



The potential is a Wilson coefficient of an EFT. In general, it undergoes renormalization,

develops scale dependence and satisfies renormalization group equations, which allow

to resum large logarithms.



2. Calculation



The Static Potential

=

NRQCD

+   

pNRQCD

+   ...eig
H
dzµAµ



The Static Potential

=

NRQCD

+   

pNRQCD

+   ...eig
H
dzµAµ

lim
T→∞

i

T
ln = Vs(r, µ) − i

g2

Nc

V 2
A

Z ∞

0
dt e−it(Vo−Vs) 〈Tr(r · E(t) r · E(0))〉(µ) + . . .

ultrasoft contribution



The Static Potential

=

NRQCD

+   

pNRQCD

+   ...eig
H
dzµAµ

lim
T→∞

i

T
ln = Vs(r, µ) − i

g2

Nc

V 2
A

Z ∞

0
dt e−it(Vo−Vs) 〈Tr(r · E(t) r · E(0))〉(µ) + . . .

ultrasoft contribution

* The µ dependence cancels between the two terms in the right-hand side:

Vs ∼ ln rµ, ln2 rµ, ...

ultrasoft contribution ∼ ln(Vo − Vs)/µ, ln
2(Vo − Vs)/µ, ... ln rµ, ln

2 rµ, ...



Static Wilson loop

lim
T→∞

i

T
ln = −CF

αs(1/r)

r

"

1 + a1
αs(1/r)

4π
+ a2

„
αs(1/r)

4π

«2

+ . . .

#

is known at two loops:

a1 =
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9
CA −
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9
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n2

f + 4γEβ0a1 +

„
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3
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Appelquist–Dine–Muzinich diagrams

...... ... = −
CFC

3
A

12

αs

r

α3
s

π
ln

»
CAαs

2r
× r

–

| {z }

∼ exp(−i(Vo − Vs)T )
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Static octet potential

lim
T→∞

i

T
ln

�
�
�
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�
�
�
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#

Is known at two loops.

b1 = a1

b2 = a2 + C2
A(π4 − 12π2)

Kniehl et al 04



VA

The first contributing diagrams are of the type:

�
Therefore

VA(r, µ) = 1 + O(α2
s )



Chromoelectric field correlator:〈E(t)E(0)〉

Is known at NLO.

�× ×
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Static singlet potential

Vs(r, µ) = −CF
αs(1/r)

r

"
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4π
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„
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4π
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Brambilla et al 99, 06



Static singlet potential

Vs(r, µ) = −CF
αs(1/r)

r

"
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„
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4π
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#

• The logarithmic contribution at N3LO may be extracted from the one-loop
calculation of the ultrasoft contribution;

• the single logarithmic contribution at N4LO may be extracted from the two-loop
calculation of the ultrasoft contribution.



Static singlet potential

Vs(r, µ) = −CF
αs(1/r)
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The potential is a Wilson coefficient of an EFT. In general, it undergoes renormalization, develops scale

dependence and satisfies renormalization group equations, which allow to resum large logarithms.

It carries also large (αsβ0)n contributions of the renormalon type.



3. Applications



Static energy

E0(r) = −
CFαs(1/r)

r

(
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Static energy vs lattice QCD
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Static energy vs lattice QCD
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No signal of short-range linear non-perturbative effects.



Applications to quarkonium ground-state observables

• Heavy quark masses at NNLO and NNLL∗.

• αs(MΥ(1S)) at NLO.

• Bc mass at NNLO.

• Hyperfine splittings in charmonium, Bc and bottomonium at NLL.

• Γ(ηb → γγ)/Γ(Υ(1S) → e+e−) at NNLL.

• Γ(Υ(1S) → γX) at NLO.

• Magnetic dipole transitions at NNLO.

• e+e− → tt̄ cross section near threshold at NNLL∗.

• ...



4. Non-perturbative
potential



pNRQCD formv ∼ ΛQCD

• All scales above mv2 are integrated out.

• All gluonic excitations between heavy quarks are integrated out since they develop
a gap of order ΛQCD with the static QQ̄ energy.
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pNRQCD formv ∼ ΛQCD

• All scales above mv2 are integrated out.

• All gluonic excitations between heavy quarks are integrated out since they develop
a gap of order ΛQCD with the static QQ̄ energy.

⇒ The singlet quarkonium field S of energy mv2 is the only the degree of freedom of
pNRQCD (up to ultrasoft light quarks, e.g. pions).



pNRQCD formv ∼ ΛQCD

L = Tr



S†

„

i∂0 −
p2

m
− Vs

«

S

ff

Brambilla Pineda Soto Vairo 00



pNRQCD formv ∼ ΛQCD

L = Tr



S†

„

i∂0 −
p2

m
− Vs

«

S

ff

Brambilla Pineda Soto Vairo 00

• The potential Vs (ReVs + i ImVs) is non-perturbative:
(a) to be determined from the lattice;
(b) to be determined from QCD vacuum models.

Creutz et al. 82, Campostrini 85, Michael 85, Born et al. 94,

Bali et al 97, Bali 00, Koma et al 06, Brambilla et al. 93, 95, 97 , 98



Static potential
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1/m potential
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Spin-dependent potentials
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• To be compared with Mc.o.g.(1P ) = 3525.36 ± 0.2 ± 0.2 MeV.



Conclusions

Non-relativistic EFTs provide a rigorous definition of the potential between two heavy
quarks.

• In the perturbative regime, it is a key ingredient for precision calculations of several
threshold observables.

• In the non-perturbative regime, it may be calculated on the lattice. Embedded in an
EFT it provides an alternative to more traditional lattice calculations with heavy
quarks (e.g. NRQCD).
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